MEASURED QUANTUM GROUPOIDS 

by Franck LESIEUR 



Abstract. — In this article, we give a definition for measured quantum groupoids. 
We want to get objects with duality extending both quantum groups and groupoids. 
We base ourselves on J. Kustermans and S. Vaes' works about locally compact quantum 
groups that we generalize thanks to formalism introduced by M. Enock and J.M. Vallin 
in the case of inclusion of von Neumann algebras. From a structure of Hopf-bimodule 
with left and right invariant operator- valued weights, we define a fundamental pseudo- 
multiplicative unitary. To get a satisfying duality in the general case, we assume the 
existence of an antipode given by its polar decomposition. This theory is illustrated 
with many examples among others inclusion of von Neumann algebras (M. Enock) and 
a sub family of measured quantum groupoids with easier axiomatic. 

Resume (Groupoides quantiques mesures). — Dans cet article, on definit une notion 
de groupoides quantiques mesures. On cherche a obtenir des objets munis d'une dualitc 
qui etend celle des groupoides et des groupes quantiques. On s'appuie sur les travaux 
de J. Kustermans et S. Vaes concernant les groupes quantiques localement compacts 
qu'on generalise grace au formalisme introduit par M. Enock et J.M. Vallin a propos 
des inclusions d'algebres de von Neumann. A partir d'un bimodule de Hopf muni 
de poids operatoriels invariants a gauche et a droite, on definit un unitaire pscudo- 
multiplicatif fondamental. Pour obtenir une dualite satisfaisante dans le cas general, 
on suppose l'existence d'une antipode definie par sa decomposition polaire. Cette 
theorie est illustree dans une derniere partie par de nombreux exemples notamment 
les inclusions d'algebres de von Neumann (M. Enock) et une sous famille de groupoides 
quantiques mesures a l'axiomatique plus simple. 
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1. Introduction 

1.1. Historic. — Theory of quantum groups has lot of developments in 
operator algebras setting. Many contributions are given by |KaV74| . |Wor88j . 
[ES89] . [MN91j . [BS93] . [Wor95j . |Wor96j . [VDa98j, [KV00] . In particular, J. 
Kustermans and S. Vaes' work is crucial: in |KV00] . they propose a simple 
definition for locally compact quantum groups which gathers all known exam- 
ples (locally compact groups, quantum compacts groupe |Wo r95 . quantum 
group ax + b jWorOlj . |WZ02j . Woronowicz' algebra [MN91] -) and they find 
a general framework for duality of theses objects. The very few number of 
axioms gives the theory a high manageability which is proved with recent 
developments in many directions (actions of locally compact quantum groups 
|Vae01bj . induced co-representations [Kus02j, cocycle bi-crossed products 
[W03j ). They complete their work with a theory of locally compact quantum 
groups in the von Neumann setting [KV03] . 
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In geometry, groups are rather defined by their actions. Groupoids category 
contains groups, group actions and equivalence relation. It is used by G.W 
Mackey and P. Hahn ( |Mac66j . |Hah78aj and [Hah78b ), in a measured version, 
to link theory of groups and ergodic theory. Locally compact groupoids and 
the operator theory point of view are introduced and studied by J. Renault 
in |Ren 80 and Rcn97j. It covers many interesting examples in differential 
geometry |Co94j e.g holonomy groupoid of a foliation. 

In |Val96j . J.M Vallin introduces the notion of Hopf bimodule from which 
he is able to prove a duality for groupoids. Then, a natural question is to 
construct a category, containing quantum groups and groupoids, with a duality 
theory. 

In the quantum group case, duality is essentially based on a multiplicative 
unitary [BS93J. To generalize the notion up to the groupoid case, J.M Vallin 
introduces pseudo-multiplicative unitaries. In [ValOO , he exhibits such an 
object coming from Hopf bimodule structures for groupoids. Technically 
speaking, Connes-Sauvageot's theory of relative tensor products is intensively 
used. 

In the case of depth 2 inclusions of von Neumann algebras, M. Enock and 
J.M Vallin, and then, M. Enock underline two "quantum groupoids" in duality. 
They also use Hopf bimodules and pseudo-multiplicative unitaries. At this 
stage, a non trivial modular theory on the basis (the equivalent for units of 
a groupoid) is revealed to be necessary and a simple generalization of axioms 
quantum groups is not sufficient to construct quantum groupoids category: we 
have to add an axiom on the basis |EnoOO i.e we use a special weight to do 
the construction. The results are improved in |Eno04j . 

In [Eno02j, M. Enock studies in detail pseudo- multiplicative unitaries and 
introduces an analogous notion of S. Baaj and G. Skandalis' regularity. In 
quantum groups, the fundamental multiplicative unitary is weakly regular and 
manageable in the sense of Woronowicz. Such properties have to be satis- 
fied in quantum groupoids. Moreover, M. Enock defines and studies compact 
(resp. discrete) quantum groupoids which have to enter into the general theory. 

Lot of works have been led about quantum groupoids but essentially in finite 
dimension. We have to quote weak Hopf C*-algebras introduced by G. Bohm, 
F. Nill and K. Szla c hanyi [BNS99], [B Sz96j, and then studied by F. Nill and L. 
Vainerman |Nik02j . [Nil98j . [NVOOj . |NV02j . J.M Vallin develops a quantum 
groupoids theory in finite dimension thanks to multiplicative partial isometries 
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[ValOlj . |Val02j . He proves that his theory coincide exactly with weak Hopf 
C* -algebras. 

1.2. Aims and Methods. — In this article, we propose a definition for 
measured quantum groupoids in any dimensions. "Measured" means we are in 
the von Neumann setting and we assume existence of the analogous of a mea- 
sure. We use a similar approach as J. Kustermans and S. Vaes' theory with the 
formalism of Hopf bimodules and pseudo-multiplicative unitaries. The notion 
has to recover all known examples and shall extend their duality if already exist. 

In our setting, we assume the existence of a scaling group and a coinvolution 
so that we are much more closer to [MNW03 . Then, we are able to construct 
a dual structure for theses objects and we prove a duality theorem. We also 
get uniqueness of the equivalent of Haar measure. 

We want to give many examples. First of all, we present a family of 
measured quantum groupoids of a particular interest: the axiomatic of them 
is easier than the general measured quantum groupoids and very similar to J. 
Kustermans and S. Vaes axiomatic of locally compact quantum groups because 
we can construct the antipode. However, this new category is not self dual 
but we can characterize their dual objects. Then we are interested in depth 2 
inclusions of von Neumann algebras of Enock's type which are included in our 
theory and for which we can compute the dual structure. In a forthcoming 
article, we will study an example of the type G = G\Gi where G\ and G2 are 
two groupoids such that G\ n G2 — G^ . 

We are inspired by technics develop by J. Kustermans and S. Vaes about 
locally compact quantum groups in the von Neumann setting [KVOO] . by M. 
Enock [Eno04j as far as the density theorem is concerned which is a key tool 
for duality and by author's thesis |Les03j . 

1.3. Study plan. — After brief recalls about tools and technical points, 
we define objects we will use. We start by associating a fundamental pseudo- 
multiplicative unitary to every Hopf bimodule with invariant operator-valued 
weights. In fact, we shall define several isometries depending on which 
operator- valued weight we use. Each of them are useful, especially as far as the 
proof of unitarity of the fundamental isometry is concerned. This point can be 
also noticed in the crucial paper of S. Baaj and G. Skandalis |BS93j where they 
need a notion of irreducible unitary that means there exist another unitary. 
Also, in [KVOOJ . they need to introduce several unitaries. The fundamental 
unitary gathers all informations on the structure so that we can re-construct 
von Neumann algebra and co-product. 
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In the first part, we give axioms of measured quantum groupoids. In this 
setting, we construct a modulus, which corresponds to modulus of groupoids 
and a scaling operator which corresponds to scaling factor in locally compact 
quantum groups. They come from Radon-Nikodym's cocycle of right invariant 
operator-valued weight with respect to left invariant one thanks to proposition 
5.2 of |Vae01aj . Then, we prove uniqueness of invariant operator- valued weight 
up to an element of basis center. 

Also, we prove a "manageability" property of the fundamental pseudo- 
multiplicative unitary. A density result concerning bounded elements can be 
handled. These are sections [6] and [7] They give interesting results on the 
structure and a necessary preparation step for duality. 

Then, we can proceed to the construction of the dual structure and get a 
duality theorem. 

The second part is devoted to examples. We have a lot of examples for 
locally compact quantum groups thanks to Woronowicz |Wor91j . [WorOlj . 
|WZ02] . |Wor87j and the cocycle bi-crossed product due to S. Vaes and L. 
Vamerman [VV03] . Theory of measured quantum groupoids has also a lot of 
examples. 

First, we lay stress on Hopf bimodule with invariant operator- valued weights 
which are "adapted" in a certain sense. This hypothesis corresponds to the 
choice of a special weight on the basis to do the constructions (like in the 
groupoid case with a quasi- invariant measure on G^). For them, we are 
able to construct the antipode S, the polar decomposition of which is given 
by a co-involution R and a one-parameter group of automorphisms called 
scaling group r. In particular, we show that S, R and t are independent of 
operator-valued weights. 

Then we explain how these so-called adapted measured quantum groupoids 
fit into our measured quantum groupoids. In this setting, we develop informa- 
tions about modulus, scaling operator and uniqueness. We also characterize 
them and their dual in the general theory. Groupoids, weak Hopf C*-algebras, 
quantum groups, quantum groupoids of compact (resp. discrete) type. . . are 
of this type. 

Depth 2 inclusions of von Neumann algebras also enter into our general 
setting (but not in adapted measured quantum groupoids unless the basis is 
semi-finite) and we compute their dual. 
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Finally, we state stability of the category by direct sum (which reflects the 
stability of groupoids under disjoint unions), finite tensor product and direct 
integrals. Then, we are able to construct new examples: in particular we can 
exhibit quantum groupoids with non scalar scaling operator. 



2. Recalls 

2.1. Weights and operator- valued weights [Str81J, [Tak03J. — Let N 

be a von Neumann and i\) a normal, semi-finite faithful (n.s.f) weight on N; 
we denote by A/",/,, M.^, H^, n^, A^, J^, A^, . . . canonical objects of Tomita's 
theory with respect to (w.r.t) if). 

Definition 2.1. — Let denote by %p Tomita's algebra w.r.t tp defined by: 

{x G nA/JI x analytic w.r.t such that af{x) G M$ n AQ; for all z G C} 

By ([StrST], 2.12), we have the following approximating result: 

Lemma 2.2. — For all x G A/^, there exists a sequence (i n ) n gN of such 
that: 

i) \\ x n\\ < for all n G N; 

ii) (x n ) ne N converges to x in the strong topology; 

Hi) (A^,(a; n )) ne N converges to A^(x) in the norm topology of H^. 
Moreover, if x G A/^ H Ml, then we have: 

iv) (a; n )neN converges to x in the *-strong topology; 
iiv) (A^,(x*)) ne N converges to A^(x*) in the norm topology of H^,. 

Let N C M be an inclusion of von Neumann algebras and T a normal, 
semi-finite, faithful (n.s.f) operator-valued weight from M to N. We put: 

N T = {x G M I T{x*x) G N+) and M T = A/"|.A/"t 

We can define a n.s.f weight ipoT on M in a natural way. Let us recall theorem 
10.6 of |EN96j : 

Proposition 2.3. — Let N C M be an inclusion of von Neumann algebras 
and T be a normal, semi-finite, faithful (n.s.f) operator-valued weight from M 
to N and ip a n.s.f weight on N . Then we have: 

i) for all x G At and a G A^ 7 xa belongs to At H A/^oT? i/iere exists 
At(x) G HomNo^H^, H^, t) such that: 

A T (x)A v >(a) = A^oT(xa) 

and Kt is amorphism of M — N -bimodules from A/r to HomN°{H^,H^oT); 
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ii) A/rHA/^oT "is a weakly dense ideal of M and A^ t(Nt(^N^, t) *s dense 

1 /2 

inH^ T, A^oT(A/rnA/^oTnA/'|.nAQ; oT ) is a core for A^ oT and A t (Nt) is 
dense in HomN°{H^j, H^, t) for the s-topology defined by flBDH88], 1-3); 
Hi) for all x G Nr and z G Nt HA^oT, T(x* z) belongs to N^p and: 

A T {x)* A^ oT {z) = A 4 ,(T(x*z)) 

iv) for all x, y G Nt-' 

A T (y)*A T (x) = ^(T(x*y)) and \\A T (x)\\ = \\T{x*x)\\ 1 ' 2 

and At is infective. 

Let us also recall lemma 10.12 of |EN96j : 

Proposition 2.4. — Let N C M be an inclusion of von Neumann algebras, 
T a n.s.f operator-valued weight from M to N, if) a n.s.f weight on N and 
x G M.t H Ni ,jjoT- If we put: 

/>+oo 

£ J e- nt2 at oT (x) dt 

then x n belongs to M.t H Nl^oT and is analytic w.r.t if) o T. T/ie sequence 
converges to x and is bounded by \ \x\\. Moreover, (A^ T(^n))neN converges to 
A 1 p oT {x) and af° T (x n ) G Mt H M^oT /or a// z G C. 

Definition 2.5. — The set of x G N^dN^hNtHN}, analytic w.r.t ct* such 
that erf (x) G A/$ n A/J n A/t n A/£ for all z G C is denoted by 7$ and is called 
Tomita's algebra w.r.t t/j o T = $ and T. 

Lemma |2~21 is still satisfied with Tomita's algebra w.r.t $ and T. 

2.2. Spatial theory Co80 , Sau83b , [Tak03]. — Let a be a normal, non- 
degenerated representation of N on a Hilbert space H. So, H becomes a left 
iV-module and we write a H . 

Definition 2.6. — |Co80j An element £ of a H is said to be bounded w.r.t ip 
if there exists C G R + such that, for all y G N^, we have ||a(y)£|| < C||A^,(y)||. 
The set of bounded elements w.r.t if> is denoted by D( a H,ip). 

By |Co80] (lemma 2), D( a H, if>) is dense in H and a(iV)'-stable. An element 
£ of D( a H, tp) gives rise to a bounded operator of Hom,N(H^, H) such 

that, for all y G N^: 

For all £, 77 G D( a H, tp), we put: 

ij) = R a ^{£,)R a ^(r,)* and < £, 77 > a , v ,= R a '^ (rj)* R a '^ (£)* 

By C08O (lemma 2), the linear span of #"'^(£,77) is a weakly dense ideal of 
a(N)'. < £,77 > a ^ belongs to tt^,(N)' — J^ir x p{N)J^ which is identified with 
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the opposite von Neumann algebra N°. The linear span of < £,77 > a ,ip is 
weakly dense in N°. 

By [C08O (proposition 3), there exists a net (r]i)iei of D{ a H,ip) such that: 

= 1 

Such a net is called a (JV, ^)-basis of By |EN96j (proposition 2.2), we can 
choose rji such that R a '^(i]i) is a partial isometry with two- by- two orthogonal 
final supports and such that < r)i,r)j > a ,ip = unless i = j. In the following, 
we assume these properties hold for all (N, ?/>)-basis of a H. 

Now, let (3 be a normal, non-degenerated anti-representation from N on H . 
So 7? becomes a right A^-module and we write Hp. But /3 is also a representation 
of A°. If ip° is the n.s.f weight on N° coming from rp then Af^o = J\fl and we 
identify Hj,o with H$ thanks to: 

(A^o(x*) h-> J^K^{x)) 

Definition 2.7. — |Co80j An element £ of fl^g is said to be bounded w.r.t t/>° 
if there exists C e K+ such that, for ally G A/",/,, we have | |/3(y*)£| | < C||A^(y)||. 
The set of bounded elements w.r.t ip° is denoted by D(Hp,ip°). 

D( a H, %/}) is dense in H and j3 '(AT)' '-stable. An element £ of D(Hp,ip°) gives 
rise to a bounded operator .fir** 1 (£) of Hom,N°{H^^H) such that, for all y € 

For all £,r? e D(H(3,ip°), we put: 

^'^,n)=R^'(OR P ' r ivT and <^J7> /3 ,^=i?^ o (r ? )* J R^ o (0* 

The linear span of 0P'^° (t;,r]) is a weakly dense ideal of (3(N)' '. < £,77 >^,^<> 
belongs to iv^,(N) which is identified with A. The linear span of < £, 77 >p,$<> is 
weakly dense in AT. In fact, we know that < £,77 >p^o£ by |Co80j (lemma 
4) and by [Sau83b (lemma 1.5), we have 

A^(<£,r 1 >0,<p°) = R M °(vyZ 
A net of ^"-bounded elements of is said to be a (AT°, ?/>°)-basis of Hp if: 

iei 

and if & such that R p ^°(£i) is a partial isometry with two-by-two orthogonal 
final supports and such that < £j, £j >a,if) = unless i = j. Therefore, we have: 
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and, for all £ G D(Hp,ip ): 

iei 

Proposition 2.8. — (" |Eno02] . proposition 2.10) Let N C M be an inclusion 
of von Neumann algebras and T be a n.s.f operator-valued weight from M to 
N. There exists a net (ej)jgj of Nt flA^ flA^oT nA(J oT such that Ay(ej) is 
a partial isometry, T(e*ei) — unless i — j and with orthogonal final supports 
of sum 1. Moreover, we have = ejT(e*ei) /or oZZ i E I, and, for all x G A/r' 

At(x) = y ^AT(ej)T(e*x) and x = ejT(e*x) 
iei iei 

in the weak topology. Such a net is called a basis for (T,ip°). Finally, the net 
(A^, T(ei))i e 7 is a (N°,ip ) -basis of (H^ t) s where s is the anti-representation 
which sends y G N to J^oTU* J^oT ■ 

2.3. Relative tensor product jCo80j . [Sau83bj . [Tak03j . — Let H and K 

be Hilbert space. Let a (resp. 0) be a normal and non-degenerated (resp. 
anti-) representation of N on K (resp. H). Let i\) be a n.s.f weight on N. 
Following |Sau83b| . we put on D(H/3, ip°) K a scalar product defined by: 

(6 0»7i|6 »7a) = (a(< 6,6 > / 3,v= )m 1^2) 
for all G D(Hp,ip°) and 771,772 G if. We have identified tt^(N) with iV. 

Definition 2.9. — The completion of D(Hp, %p°) QK is called relative ten- 
sor product and is denoted by H p® a K . 

The image of £©77 in H p® a K is denoted by £ ^0 Q 77. One should bear in 

mind that, if we start from another n.s.f weight ip' on N, we get another Hilbert 
space which is canonically isomorphic to H jj® a K by ( }Sau83bj , proposition 

2.6). However this isomorphism does not send £ /j0 Q 77 on £ ^0 Q 77. 

ip i/j' 

By [Sau83b (definition 2.1), relative tensor product can be defined from the 
scalar product: 

(Ci©»7i|6©»72) = (/?(< TTi.na >«,,/,)6l6) 

for all G H and 771,772 G D( a K,i/j) that's why we can define a one-to-one 

flip from H p® a K onto K q.0^ H such that: 

o-^{(, ()® a 77) = 77 a % £ 
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for all £ G D(Hp,i/)) (resp. £ G H) and n £ K (resp. 77 G D( a K,if>)). The flip 
gives rise at the operator level to from p® a K) onto £(iT a ®0 H) 

such that: 

ty(X) = 0^X0*^ 

Canonical isomorphisms of change of weights send on fyi so that we write 
?jv without any reference to the weight on N. 

For all £ G D(Hp, ip°) and r\ G D( a K, tp), we define bounded operators: 

Af ' Q :K^H p(g> a K and p^ a : H -> H p® a K 

tp tp 

Then, we have: 

(\f' a )*\f a = a(< > w .) and (p^Ttf'" = P{< V,V>a,^) 

By |Sau83bj (remark 2.2), we know that D( a K,ip) is a(cr^ /2 (X>(<A /2 )))- 
stable and for all £ G H, r] G D( a K, tp) and y G P(<7^/ 2 ), we have: 

/3®« »? = £ ,3«>a a(at t/2 (y))v 

tp tp 

Lemma 2.10. — If C ® a n = for all £' G D(Hp, tp°) then 77 = 0. 

Proof. — For all G D(H p ,ip°), we have: 

«« > M .)»7 = (Af'TA^ = (Af <*)*(£' ^ r?) = 

Since the linear span of < £ >p.^,° is dense in iV, we get 7/ = 0. □ 

Proposition 2.11. — Assume H ^ {0}. Let K' be a closed subspace of K 
such that a(N)K' C K' . Then: 

H p ® a K = H ® a K' => K = K' 

tp tp 

Proof. — Let r\ G K lA -. For all f, f G D(H,3,ip ) and fc G X', we have: 

(C /3®a /3®a »?) = ((*(< £, g >0,u»)k\r}) = 

tp 

Therefore, for all £' G D{Hp,ij)°), we have: 

£' p® a r]€(H ® a K') 1 - = (H ® a K) 1 - = {0} 

tp tp tp 

By the previous lemma, we get 77 = and K — K f . □ 
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Let H', K', a' and /3' like H, K, a and (3. Let A £ £{H 7 H') and B 6 
C(K, K') such that: 

Vn € iV, A/3(n) = 0'(n)A and Sa(n) = a'(n)B 

Then we can define an operator A p® a B £ C(H p® a K, H' p® a K') which 

Ip Ip Ip 

naturally acts on elementary tensor products. In particular, ifx£ f3(N)'r\£(H) 
and y £ a(N)' n C(K), we get an operator x p® a y on H p® a K. Canonical 

Ip Ip 

isomorphism of change of weights sends x p® a y on x 0® a y so that we write 

ip ip' 

x (3®a U without any reference to the weight. 

JV 

Let P be a von Neumann algebra and e a normal and non-degenerated anti- 
representation of P on K such that e(P)' C a(N). K is equipped with a 
N — P-bimodule structure denoted by a K e . For all y € P, ljj p€) a is an 

■>!> 

operator on H p® a K so that we define a representation of P on H p(g) a K 

lb ip 

still denoted by e. If H is a Q — -/V-bimodule, then ^(gj^ K becomes a Q — P- 

bimodule (Connes' fusion of bimodules). If v is a n.s.f weight on P and a 
left P-module. It is possible to define two Hilbcrt spaces {H p® a K) e (8f L 

lb v 

and H p® a (K e (g)f L). These two (3(N)' — C(P)'°-bimodulcs are isomorphic. 

ip V 

(The proof of |Val96j . lemme 2.1.3, in the case of commutative N — P is still 
valid). We speak about associativity of relative tensor product and we write 
H p® a K e (g)^ L without parenthesis. 

lp V 

We identify fj® a K and K as left ^-modules by A t p(y) /3(2) Q 77 1 — > a(y)?7 
ip ip 
for all y £ JV^p. By |EN96j . 3.10, we have: 

Af' a =fi M °(C) p® a l K 

■4, 

We recall proposition 2.3 of |Eno02| : 

PROPOSITION 2.12. — Let be a (N°,ip°) -basis of Hp. Then: 

i) for all £ £ D(Hp, ip°) and n £ K , we have: 

ii) we have the following decomposition: 

H /3<8> a # = ®(& /3®<* "(< 6, & >p,ipo)K) 

4 iei V 

We here add a proposition we will use several times. 
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Proposition 2.13. — Let 7 a *- automorphism from N such that if) o v = ip. 
Then : 

H /3o 7 <8)ao 7 K = H ® a K 

Proof. — Because of invariance of tp with respect to 7, we have a unitary / 
from Hijj such that IA^,(y) — A^(j(y)) for all y £ Af^. Moreover IJ^ = J^,I 
and I*nl — 7 _1 (n) for all n £ N. For all £ £ D(Hg,ip°) and ?/ £ AO,, we 
compute: 

/3 ° = /3(7(»)*)i = R M °{i)J^{i{y)) 

that's why we get: 

D{Hp 01 , ip") = D(Hp, -0°) andVee D{H^°), R^° (£) = R™° (£)/ 

To conclude, we show that scalar products on D(Hp^°) X used to define 
H p<g> a K and i? papacy K are equal. If e D(Hp,v ) and 77,77' e if, 

we have: 

(£ ^o 7 ® QOT /3o 7 <X> Q o 7 r?') = (a(7(< >/3o 7 ,v°)) 7 ?l 7 ?') 

= (a( 7 (r > w . T)) V \rf) 

= (a{< > M o) v \r)') = (£ ^ ^ /30 Q rf) 

□ 

To end the paragraph, we detail finite dimension case. We assume that 

N, H and K are of finite dimensions. H p® a K can be identified with a 

■4, 

subspace of H ® if. We denote by Tr the normalized canonical trace on K and 
r = Tr o a. There exist a projection e^ a £ P(N) ® a(AT) and n £ Z(./V) + 
such that (zd(8) Tr)(e j g jQ ) = (3(n ). Let d be the Radon-Nikodym derivative of 
ip w.r.t r. By [EVOO] , 2.4, and proposition 2.7 of [Sau83b| . for all £,r) £ H: 

ita'-Z l3® a V^£, 0®*Oi{d) 1/2 r)^e 0fOl {(3(n o )- 1 l 2 £®a{d) 1 > 2 ri) 

Ip T 

defines an isometric isomorphism of (3(N)' — a(iV)'°-bimodules from H p® a K 
onto a subspace oi H ® K, the final support of which is ep >a - 

2.4. Fiber product Val96'J, [EVOOJ. — We use previous notations. Let Mi 
(resp. M2) be a von Neumann algebra on H (resp. K) such that (3(N) C Mi 
(resp. a(iV) C M2). We denote by M{ ^(g) a M 2 the von Neumann algebra 

N 

generated by a: f3® a y with x £ M[ and y £ M 2 . 

N 
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Definition 2.14. — The commutant of M[ p®a M 2 in C(H p® a K) is 

N ip 

denoted by Ml R-k a M 2 and is called fiber product. 

N 

If Pi and P 2 are von Neumann algebras like M\ and M2, we have: 

{Mi p* a M 2 ) n (Pi /3* a p 2 ) = (Mi n Pi) p* a (M a n p 2 ) 

JV AT AT 

m) qv(Mi -k a Mi) = M 2 a */3 Mi 

AT Af° 

tit) (Mi n p(N)') ® a (M a n a(AO') C M x ,3* Q M 2 

AT AT 

w) Mi ^ Q a{N) = (Mi n /3(iV)') „® a 1 

AT Af 

More generally, if (3 (resp. a) is a normal, non-degenerated *-anti- 
homomorphism (resp. homomorphism) from N to a von Neumann algebra 
Mi (resp. M2), it is possible to define a von Neumann algebra Mi p-k a M 2 

N 

without any reference to a specific Hubert space. If Pi, P2, a' and (3' are like 
Mi, M 2 , a and (3 and if <I> (resp. , 5) is a normal *-homomorphisrn from Mi 
(resp. M2) to Pi (resp. P2) such that $ o /3 = /3' (resp. o a = a'), then we 
define a normal *-homomorphism by [Sau83a], 1.2.4: 

$ Mi M 2 -► Pi ,3'* Q ' P 2 

N N N 

Assume a K e is a iV — P°-bimodule and qL a left P-module. If a(N) C M2, 
e(P) C Ma and if £(P) ^ M 3 where M 3 is a von Neumann algebra on L, 
then we can construct Mi pk a (M 2 e *£ M 3 ) and (Mi R-k a M 2 ) M3. 

N N N N 

Associativity of relative tensor product induces an isomorphism between these 
fiber products and we write Mi p-k a M 2 e -k^ M3 without parenthesis. 

N N 

Finally, if Mi and M2 are of finite dimensions, then we have: 
M[ ® a M' 2 = {lt a )*{M l 1 ®M! 1 )I^ a and Mi * a M 2 = (j|j*(Mi®M 2 )/| a 

N N 

Therefore the fiber product can be identified with a reduction of Mi ® M2 by 
ep, a by [EVOO] . 2.4. 

2.5. Slice map [EnoOOj . — 

2.5.1. For normal forms. — Let A <E Mi -k a M 2 and £i,£ 2 € D(Hp,i/)°). We 

N 

define an element of M2 by: 

(u £l42 [3 * a id)(A) = (XlP*A\^ a 
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so that we have ((w&.fc, p* a id)(A)r]i\r)2) = (A(£i p® a ?7i)|6 /3®a m) for an 
771,772 € i£\ Also, we define an operator of Mi by: 

(id „* Q = {p^TAp^ 

for all 771,772 G D( a K,ip). We have a Fubini's formula: 

)(^)) 

for all a, 6 € D(Hp, j)°) an d 771,772 € D( a K,ip). 

Equivalently, by ( |Eno00j . proposition 3.3), for all wi € M^ and fci G M + 
such that W! o/3 < fc^ and for all w 2 G -^2* anc ^ ^2 G ^ + such W2 a < 
we have: 

w 2 ((wi * a id) (A)) = Ui((id 0-k a oj 2 )(A)) 

2.5.2. For conditional expectations. — If P 2 is a von Neumann algebra such 
that a(N) C P 2 Q M 2 and if E 1 is a normal, faithful conditional expectation 
from M 2 onto P 2 , we can define a normal, faithful conditional expectation 
(id p* a E) from Mi p* a M 2 onto Mi ^Vtq P 2 such that: 

JV W N 

(w -k a i<[) (id fs* a E)(A) = E((w -k a id)(A)) 
for all A € M x ^ a M 2 , ui G M£ and fci G R + such that w o j3 < k-yip. 

N 

2.5.3. For weights. — If 4>\ is n.s.f weight on Mi and if A is a positive element 
of Mi p* a M 2 , we can define an element of the extended positive part of M 2 , 

N 

denoted by (0i 0* a id)(A), such that, for all 77 G D( a L 2 (M 2 ), ip), we have: 

■4, 

||((0i p* a id)(A)) l ' 2 nf =M(id p* a u> v )(A)) 

ip ip 

Moreover, if <fi 2 is a n.s.f weight on M 2 , we have: 

02 ((</>i p* a id)(A)) = 0i ((id ,g* Q 2 )(-4)) 

Let (wj)j 6 j be an increasing net of normal forms such that <pi = sup ieJ Wj. 
Then we have (0i / 3* a ic/)(A) = supj(a;j ^*q, id) (A). 

2.5.4- For operator-valued weights. — Let P\ be a von Neumann algebra such 
that (3(N) C Pi C Mi and <E>i (i = 1, 2) be operator- valued n.s.f weights from 
Mi to Pi. By [EnoOO] . for all positive operator A G Mi /j* Q M 2 , there exists an 

N 
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element ($1 p* a id){A) belonging to P\ 0* a M 2 such that, for all £ e L 2 (Pi) 

N N 

and r] e D( a K 7 ip), we have: 

||(($! 0* a id)^)) 1 /^ /30c »7)|| 2 = ^OW)] 1 ^!! 3 

AT V V" 

If 0i is a n.s.f weight on Pi, we have: 

(0i o $1 * a id) (A) = (0i fj -k a id)(*i ,3* Q id) (A) 

AT V JV 

Also, we define an element (id /3* a $2) (^4) of the extended positive part of 

N 

M\ f}-k a P2 and we have: 

N 

(id p * a $ 2 )(($i id){A)) = ($1 p* a id)((id p * a $i){A)) 

N N N N 

Remark 2.15. — We have seen that we can identify Mi p* a a(N) with 

N 

Mi n /3(N)'. Then, it is easy to check that the slice map id j3* a ip o or 1 (if a 

i> 

is injective) is just the injection of Mi p* a a(N) into Mi. Also we see on that 

AT 

example that, if 0i is a n.s.f weight on Mi, then 0i p* a id (which is equal to 

N 

0i|Min/3(AO') needs not to be semi-finite. 

3. Fundamental pseudo-multiplicative unitary 

In this section, we construct a fundamental pseudo-multiplicative unitary 
from a Hopf bimodule with a left invariant operator-valued weight and a right 
invariant operator-valued weight. Let N and M be von Neumann algebras, 
a (resp. (3) be a faithful, non-degenerate, normal (resp. anti-) representation 
from N to M. We suppose that a(N) C /3(N)' . 

3.1. Definitions. — 

Definition 3.1. — A quintuplet (N, M, a, f3, T) is said to be a Hopf bimod- 
ule of basis N if T is a normal *-homomorphism from M into M p* a M such 

N 

that, for all n,m e N, we have: 

i) T(a(n)(3(m)) = a(ri) ® a 0{m) 

N 

ii) T is co-associative: (r p* a id) oT — (id p* a T) o T 

N N 

One should notice that property i) is necessary in order to write down the 
formula given in ii). (N°, M, j3, a, <;n o T) is a Hopf bimodule called opposite 
Hopf bimodule. If N is commutative, a = [3 and T = Qv°r, then (N, M, a, a, T) 
is equal to its opposite: we shall speak about a symmetric Hopf bimodule. 
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Definition 3.2. — Let (N,M,a,(3,T) be a Hopf bimodule. A normal, semi- 
finite, faithful operator-valued weight from M to a(N) is said to be left in- 
variant if: 

(id p* a T L )T(x) = T L (x) (j ® a 1 for all x e M% L 

N N 

In the same way, a normal, semi-finite, faithful operator-valued weight from M 
to f3(N) is said to be right invariant if: 

(T R p * a id)T(x) = 1 ® a T R {x) for all x G M+ R 

N N 

We give several examples in the last section. In this section, (N, M, a, (3, T) 
is a Hopf bimodule with a left operator- valued weight Tl and a right operator- 
valued weight Tr. 

Definition 3.3. — A *-anti- automorphism R of M is said to be a co- 
involution if R o a = (3, R 2 = id and Civ (R p*a R) ° T = T o R. 

N 

Remark 3.4. — With the previous notations, let us notice that R o Tl o R 
is a right invariant operator- valued weight from M to /3(N). Also, let us say 
that R is an anti-isomorphism of Hopf bimodule from the bimodule and its 
symmetric. 

Let /ibea normal, semi-finite, faithful weight of N. We put: 
$ = /io oT 1 o T L and * = fj, o o T R 
so that, for all x e M+, we have: 

(id p* a $)L(x) = Tl(x) and (* ,3* Q id)L(x) = T R {x) 

If denote a Hilbert space on which M acts, then N acts on H, also, 
by way of a and /?. We shall denote again a (resp. (3) for (resp. anti-) the 
representation of N on H. 

3.2. Construction of the fundamental isometry. — 

Definition 3.5. — Let define (3 and a by: 

f3:N^ C{H*) and a : N -» £(i7*) 

x i ^ J<j,a(x*) J$ a; i— > J*/3(a;*)J* 

Then /3 (resp. d) is a normal, non-degenerate and faithful anti-representation 
(resp. representation) from N to C(H&) (resp. C(H^,)). 
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Proposition 3.6. — We have A^{Mt l n A/$) C £>((£/$)«, and for all 
a € Nt l (~1 A$ , we have: 

R^°(A*(a))=A TL (a) 
Also, we have (Nr R H A/*) C D(a(H<s,), /i) and /or a^/ 6 € A/tr H A/W, i/ien: 

i?<^(A*(&)) = A Tr (6) 
Remark 3.7. — We identify f/^ with H^ oa -i and i/ M with H^p-i. 
Proof. — Let y € A/^ analytic w.r.t /i. We have: 

/§(t/*)A*(a) = A$(ao-? i/2 (a(y*))) = A$(<ht^" 2 (a(j/*))) 

= A$(aa(a^ i/2 (y*))) = A Ti (a)A^(^ i/2 (y*)) = A Tl (a) J M A M (j/) 

Thanks to lemma we get f3(y*)A®(a) = A TL (a)J^A fl (y), for all y e Af^, 
which gives the first part of the proposition. The end of the proof is very 
similar. □ 

PROPOSITION 3.8. — We have J$D((H<s,)q,(1°) = D( a (H^),fi) and for all 
i] e D((Hq,)fj, fj,°), we have: 

Also, we have J*D(q.(-H*), fi) = D((H$)p, fi°) and for all £ € D((H$)p, fi°), 
we have: 

R^°(J*Z) = J*R & ^(OJ lJ < 

Proof. — Straightforward. □ 

Corollary 3.9. — We have A$(7$,t l ) C D((H 9 )^,fi°) n D( a (H^),fi) and 
A^Ttp^jj) C D(a(Hq,), /i) n D((H-q,)p, fi°). 

Proof. — This is a corollary of the two previous propositions. □ 

Remark 3.10. — The invariance of operator- valued weights does not play a 
part in the previous propositions. 

PROPOSITION 3.11. — We have (w V £ p+ a id)(T(a)) e Nt l n A/$ for all ele- 
ments a € A/tj, H A/$ and u, £ S D(H/3, /x°). 
Proof. — By definition of the slice maps, we have: 

(a7 fl ,£ ^ zd)(r(a))*K,£ ^ id)(T(a)) = (A^ Q )*r(a*)Af ' Q (Af ' Q )*r(a)A^ tt 

< ||Af l0, || 2 K >o * a id)(T(a*a)) 

< \\R^°(Z)\\ 2 (uv,v **id)(r(a*a)) 
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< 



Then, on one hand, we get, thanks to left invariance of T^: 

Tl((<Vv,$ p*aid)(T(a))*(u} v £ p* a id)(T(a))) 

2 T L ((u v . v p* a id)(T(a*a))) 
n 

2 {u v , u p* a id){id f3* a T L )(T(a*a)) 





(01 




(01 


\\RP'»" 


(01 




(01 


\\R0<»° 


(01 



! ||r i (a*a)lll|a(<'>>« >^)||1 
! ||T4a*a)||||i^>)|| 2 l 



So, we get that (u> v> £ p* a id)(T(a)) £ Mr L - On the other hand, thanks to left 
invariance of Tl, we know that: 

®(((ui V £ 0* a id)(T(a)))*(u v £ p* a id)(T(a))) 

is less or equal to: 

\\R ^°(O\\ 2 H(uv,v 0* a id){T{a*a))) 

= \\R^'(^\\ 2 u v , v {{id p* a *)(r(o*o))) 

= ||^(0H a (3i(a*a)«|«) < ||i^ O (0l| 2 ||^(a*a)||H| 2 < 
So, we get that (u) v £ p* a id)(T(a)) S A/$. □ 



PROPOSITION 3.12. — For all v,w e H and a,b G A/$ n A/r L , we kw: 
(w A$(a)\w a <E)0 A^{b)) = {T L (b*a)v\w) 

For all v,w 6 H and c,d <E TV* D A/r H , we have: 

(A*(c) fiO/J U|A*(<2) a«)/3 U>) = (T fl (d* C )w|w) 

Proof. — Using [331 and 12.31 we get that: 

(v a ®~p A$(a)\w a ®£ A$(6)) = (a(< A$(a),A$(6) >^,)i;|w) 

= (a(An(6)*A Ti (a))«H 
= (a(7r A1 (a _1 (T L (6*a))))w|w) 

which gives the result after the identification of 7r M (7V) with N. The second 
point is very similar. □ 
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Lemma 3.13. — Let a € A$ C\Ntl an< ^ v ^ D(Hp, The following sum: 

/Ai ^)®a A$((w„ A 0* a id)(T(a))) 
tei i- 1 * 

converges in H p® a H$ for all (N° , u°) -basis of Hp and it does not 

depend on the (N° ', -basis of Hp. 

Proof. — By 13.11) we have (u v ,^ p* Q id)(T(a)) e 7V$ n Nt l for all i e /, 
and the vectors £j A$((o; V) g i id)(T(a))) are two-by-two orthogonal. 

Normality and left invariance of $ imply: 



^« A *((^( 0* a id)(T(a)))\\ 2 
iei f f 

= y^(a(< >(3 l( i»)A0((w Vl f ( id)(r(a)))|A$((w t)) ^ id)(r(a)))) 
= $((A^)*r(a*)LE Af; Q (A^)*Af; Q (Af; Q )*]r( a )A^ Q ) 

= $((lj ViV p-k a id)(T(a*a))) = ((id p* a $)(r(a*a))v\v) = (T L (a*a)v\v) < oo 

We deduce that the sum 5Z ie7 £i /3<8) Q A$((w^^ i id)(r(a))) converges in 

ft ii 

H p® a H$. To prove that the sum does not depend on the (N°, /x°)-basis, we 
compute for all b £ Mt l H A/# and it) € D(Hp, 



,3® a A$((w„ A id)(r(o))))|«; /3® a A$(6)) 
J^(a(< >^,, t ») A *(( £ * ; «,£< /3*a id)(r(a)))|A$(6)) 

^ $0*a(< to > / 3, At »)K, ?i id)(T(a))) 
iei v 

$(6*A^[]T Aj Q (Aj Q )*]r(a)A^ a ) = „* Q «9(T(a))). 



As D(Hp, n°) A$(A/t l n A/$) is dense in H p® a Hq> and the last expression 

is independent of the (N°, //°)-basis, we can conclude. □ 

Theorem 3.14. — Let H be a Hilbert space on which M acts. There exists a 
unique isometry Uh, called (left) fundamental isometry, from H a ®s £/$ 

to H p® a Hq, such that, for all (N° , a°) -basis (£i)ie/ of Hp, a £ Mt l flW$ 
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and v e D(Hj3, fi°): 

id)(T(a)))) 

m° iei » » 

Proof. — By |3.13i we can define the following application: 
U : D{H ,a°) x A^Wt n A/*) -> ^ 

(z;, A$(a)) i-> ^cAjffw^ p* a id)(T(a)))) 

iei » » 
Let b € A/tl H A/# and u> S D(Hp, Then, by normality and left invariance 
of <fr, we have: 

{U(v,A^(a))\U(w,A^(b))) 
= (q(< &,£ 3 - >ft A1 °)A^((a;„ ; g j ^ id)(r(a)))|A$((^ 5i 0* a id)(r(6)))) 

= £(A*(a(< &>& > / 3,m°)( w «,6 id)(r(a)))|A*((w u ,,e i £*„ id)(r(6)))) 

£6/ M ^ 



£*((A&Tr(&*)A?; a «(< 6,6 >/3 ^)(Af; Q )*r( a )A^«) 

£6/ 

a>((A^«)*r(6*)[^Af; Q (Af; Q )*Af; Q (Af; Q )*]r(a)A^«) 



£6/ 

Then, properties of (AT°, -basis (£j)£ei of Hp imply that: 

/3* a id)(r(6*a))) = w Vlttl ((id * a $)(r(6*a))) 

= w v ,tu(TL(6*a)) = (TL(fe*a)w|w;) 

By [3~T2l we get: 

(J7((u,A$(a))|l7((u;,A*(&)))) = (« A$(a)|u; ^A 4 (l))) 

so that, from U , we can easily define a suitable application Uh which is inde- 
pendent of the (N°, ^°)-basis by 13351 □ 

One can define a right version of Uh from the right invariant weight: 

Theorem 3.15. — Let H be a Hilbert space on which M acts. There exists a 

unique isometry U' H , called right fundamental isometry, from a®p H 

fx," 

to p® a H such that, for all [N, fi)-basis (r/i)i<=i of a H, a £ A/"tr H A/* 
and v € D( a H,fi): 

mam 0® 
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3.3. Fundamental isometry and co-product. — In this paragraph, we 
establish several links between fundamental isometry and co-product. In fact, 
many of the following relations are more or less equivalent to definition of 
fundamental unitary and, depending of the situation, we will give priority to 
one or the other relations in our demonstrations. 



Proposition 3.16. — We have (1 p® a J^eJ^)U H p^ i x) = F(x)pj ,a A , , for 

N ' '''''' ' ''''' 



all e,x G A/$ n N Tl and (J*/ J* p<g> a 1)^h^a*(») = ^^^j'^U) f or al1 
f,y £ Afq> n Nt r ■ 

Proof. — Let v G D(H p ,fj,°) and (&) i£ j a (AT°, ^°)-basis of Hp. We have: 

A$(x)) 

= y^^i /3<8>q J$eJ$A$((cj„ i5i ^ id)(r(x))) 

= y^Ai 0®a(vv,ii 0*a id)(T(x))J^A^(e) = T(x)(v ® a J$A$(e)) 
ie/ it i* it 

By [HI] and GUI we have A$(x) G D((H^) ,n°) and J A$(e) G D( a (H^),fx) 
so that each term of the previous equality is continuous in u. Density of 
D(Hp, n°) in iJ hnishes the proof. The last part is very similar. □ 

PROPOSITION 3.17. — For all v, w G D(Hp,fj,°) and a G A/$ DNt L ) we have: 
(X^ a )*U H (v a ®p A* (a)) = A»((o; 0lU) *d)(T(o))) 

j4Zso, /or w', «/ G D( a H, fi) and b G A* PI Nt r > we have: 

(p^)*U' H (A*(b) a ® $ v')=A 9 ((id * a u v >, w >)(T(b))) 
n° ft 

Proof. — Let e G A/$ (~1 A/ty • By 13.161 we can compute: 



J*eM\i' a )*U H (v tt ^A$(«)) = (A^)*(l ® a J 9 eJ 9 )U HP a A a) v 

= {wv,w f3*a id)(T(a))J$A$(e) 
it 

= J$eJ$A$((w t , iM , id)(T(a))) 
Density of A/$nA/r L m N finishes the proof. The second part is very similar. □ 
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Corollary 3.18. — For all a e Nt l nA/$, v e D( a H,fi) n D(Hp,fi°) and 
w € D(Hp, we have: 

(uj ViW * id)(U H )k<s,(a) = A^((w v>w * a id)(T(a))) 

where we denote by (uj v ,w * id)(f7ff) */ie operator (Xg' a )*U H X^ of C(Hg>). 
Proof. — Straightforward. □ 
Corollary 3.19. — For all e,x e A/$ dMt l and n e D( a H^, fi°), we have: 

(id /3* a Wj*A*(e),7j)(r(a;)) = {id*-LOA m { x ) t J^e'J^){UH) 

for all f,y£ A/"w H A/r^ a^rf £ G D((H\s/)p, fi°), we have: 

id )(. r (y)) = ( W A*(3/),J*/*J*4 * id){U' H ) 

Proof. — Straightforward by 13. 161 □ 
Corollary 3.20. — For a// a, 6 G A/* n A/tr fl A/£ n we /iave: 

(wa,(o),J*A*(6) * id ){U' H Y = (wA*(a'),J*A*(fe*) *id)(f/jr) 

Proof. — Bv l3.19i we have for all e£jV f n AA Tfi : 

K*(a),J 9 A»(e'6) * id W H )* = (wj^ A *(e), J*A*(fe) ^XTM)* 

= ( w J*A*(&),J*A*(e) /3*a id)(r(a*)) 
M 

= (wA*(o*),J*A*(6*e) * id )( U H)- 

Let (uk)keK be a family in A/* n A/£ such that Mfc — » 1 in the *-strong 
topology. We denote: 



efc = -^= [e * af(u k ) dt 



For all fc e if, efc and c*j/ 2 ( e fc) are bounded and belong to A* and converge to 
1 in the *-strong topology so that J*A*(6*efe) = 0"*^ 2 (e£) J<i>A>ir(6*) converge 
to J$A$(6*) in norm of -ff^. Let £,77 G D( a H, fi) and we compute: 

(a), J^A^ (b) 



lim(J*A*(efco) 0® a £|J7#(A*(a) a %i))) 
lun((w A *( ),j*A*(ej6) * jrf)(C/^)*^|r/) 
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By the previous computation, this last expression is equal to: 
lim((wA s (o*),j*A*(5'e fc ) * id)(U' H )£\ri) 
= lim(U' H {A^(a) & ®p 01 J*A*(6*e fc ) p® a rj) 

= (U' B (A 9 (a*) & ® p 01 J*A*(6*) 0®,, 77) = ((d>A„{a*),J,A.(6-) * icf) 77) 

By density of D( a H, p) in iJ, the result holds. □ 

3.4. Commutation relations. — In this section, we verify commutation 
relations which are necessary for Uh to be a pseudo-multiplicative unitary and 
we establish a link between Uh and T. We also have similar formulas for U' H . 



Lemma 3.21. — Let £ G D(Hp,p°) and rj G D( a H,p) 



For a/Z a G a(N)' , we have A?' Q o a = (1 /3® a a)At' a 



JV 

izj For 6 € /3(iV)', we We A^ Q = (6 p ® a l)\f a . 

N 

Hi) For all x G T>(a^ i ^ 2 ), we have A^j"^ = A^' a o a(a^ i , 2 (x)). 
iv) For all x G £>(of /2 ), we have /CQ" )?) = p^ a ° /3(crf /2 (x)). 

Proof. — Straightforward. □ 

We recall that a(N) and /3(N) commute with /3(N)'. 

PROPOSITION 3.22. — For all n e N, we have: 

i) U H (1 a ®p a(n)) = (a(n) p® a l)U H ; 
No N 

H) U H (1 a ®a fi{n)) = (1 ®a l3{n))U H ; 

N o JV 

in) U H (/3(n) a ®p 1) = (1 p® a P(n))U H - 

N a JV 

Proof. — Bv l3.161 we can compute for all n G N and e, x G Nr L H A/$: 
(a(n) ® a J<t>eJ<f)U H plf (x) = (a(n) ® Q ^rMPjlA-fel 

JV N 



r(a(n)s)p^ (e) 
(1 0® Q J*eJ*)U H p a ^ {a{n)x) 



N 



= (1 /3®q J$eJ$)[///(l a{n))p%f, x) 

N N o 

Usual arguments of density imply the first equality. The second one can be 
proved in a very similar way. By 13.161 and I3.21[ we can compute for all n G 
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and e, x £ Nt l H A/$ : 

(1 p® a J*eJ^(n))U H p a ^ (x) =r(x)Pj" A *(e a (n*)) 



(1 {3® a J^eJ^)U H p a K f, x) P{n) 

N 



= (1 p® a J<s>eJg,)U H (/3(ri) a ®p l)p%£f x) 

N N a 

Density of 7^ in TV and normality of j3 and (3 finish the proof. □ 
PROPOSITION 3.23. — For all x £ M' n C(H), we have: 

U H {x a ® a 1) = (X p® a l)U H 
N o N 

Proof. — For all e,y £ M Tl nA/"* and x £ M' n C(H) C a(N)' n /3(N)' n £(#), 
we have by 13.161 



V 

J*/ 

(1 ^(g) Q J^eJ^)UHP^'f (v) x 

a,0 



(x ® a J<s>eJ<s>)U H p^ M = (x p® a l)T(y)pP/" ( ) 

N y ' N 

= r (y)Pj,,:\ : 



N N o 

Usual arguments of density imply the result. □ 

Corollary 3.24. — For all n £ N, we have: 

i) UH.(J3{n) a <E>0 1) = 0§(n) p<Z> a l)U Htl 

N o N 

n) U Hq ,(a( n ) a® a !) = (H n ) P®a 1)?7h* 
PROPOSITION 3.25. — We have T(m)UH = Uh(1 a <3p m) for all m £ M. 
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Proof. — Bv l3.16l we can compute for all e, x £ Nt l H 7V< 



<i>. 



(1 0® a J§eJ$)T{m)U H p a ^ {x) = r(m)(l J^eJ^)U H p^ (x) 

N N 

0,a 



> (mx) 



(1 /30 a J$eJ$)U H p2f 



N 

= (1 /3«1q J$eJ$)[/ H (l m )PA^(x) 
N N o 

Usual arguments of density imply the result. □ 

3.5. Unitarity of the fundamental isometry. — This is a key part of the 
theory and certainly one of the most difficult. To prove unitary of Uh (resp. 
U' H ), we establish a reciprocity law where both left and right operator- valued 
weights are at stake. 

3.5.1. First technical result. — We establish results needed for 13.5.31 In the 
following proposition, we compute some functions 9 defined in section [ 



Proposition 3.26. — We have for all c e TV* nJ\f Ta , m e (A/* nMr R )* an d 
v e D(Hp, p?): 

6^°(v, J*A*(c))m = (AtV))>^ J * cV * 
Proof. — Let x £ A/* n A/r H . On one hand, we get bv 13.61 and 13.81 

fl ft "°(i;,JtA*(c))mA„(x) = R fj (v) R fj (J* A* (c))* A* (mx) 

= (v)J^A TR (c)*J^A 9 (mx). 

On the other hand, if c € Ty t T R , then we have bv !3.12l 
( A Af(m*))V" :/3 ^*c* J*A*(x) = (A°^ (m » ) )*(J*c*J*A*(a;) d®/3 u) 

= T fi (ma;cr* l/ 2(c))« 

= ^^( V )^A^(/3- 1 (r«K* /2 ( C *)^m*))) 
= i?^>)J M A TR (c)V*A*(mx) 

We obtain: 

( A if(m.))*P^ J * c * ^*A*(a:) - i^>)J M A Tfl (e)V*A*(mz) 
for all c G A/* D A/t r by normality which finishes the proof. □ 
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Corollary 3.27. — Let a e (A/* n A/r Ji )*(A/$ n N Tl ). If c e A/* n N Tr , 
e € A/$ C\ Afr L and £ € H^,r] 6 D( a (H$), fj,), u <E H , v <E D(Hp,[i°), then we 
have: 

(v tg> a {^j'uAv^yUHvit. a ®p A*(a))|u 0® a J<s>e* J$rf) 
= (J*c* y|A*((id 0*0, ^ )JtA *(e))( r (o*))) &®0U) 

Proof. — Bv l3.16l and !3.26l we can compute: 

(v {3® a (Aj^ w(c) )*f7H*(C q®^ A$(a))|u i3® a J<t>e* J^if) 

= ((^• a )*^' a (A^° A . (c) )*(l ^„J»eV,)l/ fl ,($ ^ A*(a))|«) 



A' 



(^' a )*A^ a (A^ (c) )*r(a)p^ A#(e) e|u) 
^^( W ,J*A*(c))(p^)*r(a)p^ (e) ^| u ) 

(J*C*J*£ «|A«-((id 0*a £47,J*A*(e)))(r(ffl*))) a<S>/3 «) 



□ 



3.5.2. Second technical result. — In this section, results only depend on !3.16l 
and co-product relation but not on the previous technical result. Let H. be an 
other Hilbert space on which M acts. 



Lemma 3.28. — Let a, e € A/* nJVr t) £ e D(Hp,n ), r\ e D( a H,/j.), and 
C en. We have: 



(1 ^(g) Q J^eJ^)U H {r] a ®0 A*(a))]) 

iV 



= (A^ ,Q ^0 Q l)*(id * Q r)(r(o))(C /3®a?7 ,3® Q J*A$(e)) 

N N A 1 A 1 

Proof. — First let assume £ S D(Hp, fi°). By 13.171 and 13.161 we can compute: 

Mo))]) 

N ^ ^ 

= (1 p® a Jq>eJ^)U H (i] a ®p A$((w c ^ ^ id)(r(a))) 

A p o P 

= T((lj^ * a id)(T(a)))(r] p® a J$A$(e)) 

= (Af" ? a l)*(«i U* o r)(r(o))(( £®a?7 /3®a J<£>A<£,(e)) 
AT iV u u 
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So, we get the result for all ( € D(Hp,[i°). The first term of the equality 
is continuous in ( because r\ e D{ a H,fj) and A$(a) e D((H$) Also, 
since 77 € D( a H, ^) and A$(a) 6 D((H^>)^ the last term of the equality is 
continuous in £. Density of D(Hp, in Ti finishes the proof. □ 

Lemma 3.29. — The sum £ ier % a®/} [{\f a )*U n {{ p Pf)*~ A*(a))] 
converges for all £ € D(7ip, , E £ H p® a H, a € A/$ C\ Nt l and (N,fj,)- 
6asis (r?i)igj 0/ Q #. 



are 



Proo/. — First, observe that % a g)g [(A^ Q )*C/ H ((p^ Q )*S ^ A* (a))] 

orthogonal. To compute, we put: fij = p^' Q )*S A$(a). Bv l3.21l and l3.22[ 

m° 

we have: 

= (/§(< M > a ,^(\in*unm\(\in*unm) 

= ((Af' Q )*(l „® a /?(< M >a, A1 ))f/H(^)l(Af' Q )*^(^)) 

= ((Af Q )*(7«(/3(< th,th > a ^m)\(\^ a runm) 

= (Af a (Af a )*f/ w (O i )|C/ w (Oi)) 
Bv l3.12[ it follows that we have, for all i E I: 

\h [(Af a )*f7„((p^)*S Q ^A*(a))]|| 2 

< ||^' a (e)|| 2 ((p^)*S Q ^A $ (a)|(^)*S Q ^A $ (a)) 

<||i?^(e)|| 2 (T L (a* a )(p^)*S|(^)*S) 

<||^«(Oll a ||r(a*a)||(0^Ts|(/^' a rs) 

So, we can sum over i G / to get that: 

EH* a®£ Pf a )*f/ w ((/^f)*3 Q ^A $ ( a ))]|| 2 

is less or equal to ||i^> a (£)|| 2 ||T(a*a)||||H|| 2 < 00. That's why the sum con- 
verges. □ 
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Proposition 3.30. — Let a, e e 7V$ C\Nt l , S e p® a H, £ e D(Hf3,fi°), 
rj G D( a (Hq,), /z) and a (N, n) -basis of a H. We have: 

(P%°eJ* v rU H C£r)i a®^ [(Af a )*I/«(«'°)*S a ®jA*(a))]) 



ie/ 



(Af' Q )*r((id wj- # A*( e )^)(r(a)))3 



Proof. — The existence of the first term comes from the previous lemma. By 
13.281 and the co-product relation, we can compute: 



E(/^'T(1 A4eJ*)C/,jfe a® 3 [(Af a )*t/ w ((^f)*S a ®^A*(a))]) 
X](P^' a )*(Af a /3®„l)*(td /3 * Q r)(r(a))((p^ Q )*S 0® a J#A*(e)) 



JV AT 



= (^'T(Af ,a ^l)*(r fl*a<d)(r(a))(E<' 0, K' ')*] s /3®« J*A $ (e))) 

JV JV i£j „ 

= (^' a r(Af a Al)'( r id)(T(o))(S p® a J*A*(e))) 

JV JV M 

= (Af ^a^'Ttr /j* *d)(T(a))(H ^ a 4A*(c))) 

JV JV M 

= (Af Q )*r((zd ^ wj„A.(e),„)(r(a)))5 

□ 

With results of the two last sections in hand, we can prove now a reciprocity 
law where H. will be equal to . 

3.5.3. Reciprocity law. — For all monotone increasing net (ek)keK hi A/"vpnA/"r B 
of limit equal to 1, the following (u>j 9 A<s,(e k ))keK is monotone increasing and 
converges to ty. So, for all x G TV* nA/"r R , (^jtAtfei) /3*a ^)(r(x)) converges 

M 

to (\E' /3* a id)(r(x)) in the weak topology. We denote (k = J^Ay(e* k ek) G 
D{{H^)i3,n ) for all k € K . 

Proposition 3.31. — For all a e (A/$nA/'r R )*(A/$nA/ ri )), e e ^$0^,^ G 
A/"*nA/r B ,c G T^.Tn 7 v G D(Hp, fi°),r) G D( a (H$), (1) and (N,^)-basis of a H , 
{f]i)iel 7 we have that the image of: 

[(A^ Q )*f///J[(<' a )*C/^(J lf c* J*A*(6) & ® «)] ^ A«(o))] 

ie/ M° ^° M° 
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by (pj'^"e* j^Y^h converges, in the weak topology, to: 

Proof. — Let u € H. We compute the value of the scalar product of: 
Ml> «®p [(^ a yU H Mp%l a yU' H (Ay(bc) & ®f,v)] a ®p A* (a))]) 

by u J^>e*J^>rj. By 13.301 we get that it is equal to: 

M 

(r((id /3* a Wj #A *(e),7))(r(a)))f/^(A*(6c) a®/3W)|Cfe 0®a u) 
(I C" f 

By the right version of 13.251 this is equal to: 

(U' B (Aa,((id 0* a uij^^ tV )(T(a))bc) & ®f) u)|Cfc /3®<* u ) 

Bv l3.16[ we obtain: 

)(T(a))bc))v\u) 

which converges to: 

)(r(o)))6c)t;|«) 

a* a* 

Now, by right invariance of rp. l3TT2l and l5.271 we can compute this last expres- 
sion: 

((* /3* a id)(T((id p* a u} UA ^^ tV )(T(a)))bc)v\u) 
= {T R ((id p* a u JtM ^ v )(T(a))bc)v\u) 

A* 

= (A*(6c) „(g)^ U | A* ((id p* a W7j,J*A*(e))(r(o*)))) &®0U) 
H° ii n° 

= (y p® a (A^*,* (c »ss)*f/ij^(Aw(&) A$(a))|u p® a J<s>e* J<i>ri) 

A» (i» M 

which finishes the proof. □ 

Let (7?i)i 6 /be a (iV, /z)-basis of Q _ff. For all finite subset J of /, we denote 
by Pj the projection J2ieJ ^'^(ViiVi) G a(A r ) / so that: 

For all e S A* n At l , we also denote by Pj: 

1 /3® Q J^e*J^PjJ^eJ^ =^2p j'"e'j^ Vi (Pj"e'J^ Vi y 
N lS J 
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Corollary 3.32. — For all a G {Afyr\AfT R )*{Af<i>r\J\fT L ), b e N^P\Nt r , and 
c G "7*,t R j v € D{Hfj, , e € A/$ nNr L and J finite subset of I, we have: 

PjU h (52th a ®p[{\ll a yU H Mp^fYU' H {.hc*,hk*{b) & ® v)} a ® A*(a))}) 

converges, in the weak topology, to: 

Pj{v ®a (A^ (c) )*f/ ff ,(A w (&) ®^A*(a))) 

Proof. — We apply to the reciprocity law Pj'^ e , j 4J) which is a continuous linear 
operator of H in H p® a H§, and also a continuous linear operator of H 

with weak topology in H p® a Hq, with weak topology. Then, we take finite 

sums. □ 

Until the end of the section, we denote by 7i$ the closed linear span in 
Hg, of {Xi' a )*U H ^(v a ®p A* (a)) where w € i?*, to G J* A* (A/* n A/r R ), 

and a G (A/* fl A/r R )*A/$ n A/r L - By the third relation of lemma RT2"T1 (resp. 
proposition 13 . 22] ) . a (resp. /3) is a non-degenerated (resp. anti-) representation 
of N on . 

Lemma 3.33. — Let a e (Afq, n A/r R )*(A/$ n A/r), & G Af* n A/" Tr) c e 2#,t r , 
t! G D(Hfj,fi°) and (??i)igi a (iV, /i) -basis of a H . We put, for all k G if: 

Sfc = £»?i a®^ [(A^")*[/^([(^; Q )*^(J*c*J*A*(6) «®^)] o ®0A*(a))] 
TTien ifte nei (E>k)keK is bounded. 

Proof. — Let S = u (A^*(c))*^ ff *( A *( & ) Q<Xl ,3 A$(a)). By the previ- 

ous corollary, we know that PjUn^k weakly converges to Pf S, so that: 

lim limPrt/f/Sfc = E 

J,||e||<l fe 



Consequently, there exists C G K + such that 



sup sup||PfC/ H S fe || <C 



J,||e||<l fe 

and, the interversion of the supremum gives: 

C>sup sup \\PjU H E k \\ = sup\\U H E k \\ = sup||5 fe | 

fe ,7,||e||<l fe k 



□ 
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Corollary 3.34. — For all a e (TV* n A/"t r )*(A/$ n N T ), b e A/* n A/tr, 
c e "7*,t R j v € D(Hp,[i°) and (rji)iej a (N, /i) -basis of a H, we put: 

Sfc = E»?j [(Aj a )*^([(^; Q )*^(J*c*J*A*(6) «)] a ^ A»(o))] 
/or a// k <E K , and: 

Then UnE k converges to S m i/ie weafc topology. 



Proof. — Let 9 € H p® a H$ and e > 0. Then, there exists e € A/$ n A/r £ of 

norm less than equal to 1 and a finite subset J of I such that ||(1 — Pf)0|| < e. 
Bv l3.32[ there also exists fco such that |(P|[/#Elfc — PJH|0)| < e for all k > kg. 
Then, we get: 

\(U H E k -E\Q)\ 

< \(U H E k - P}U H E k \0)\ + \(P}U H E k - PjH|0)| + |(Pj3 - S|0)| 

< 1(17*5*1(1 - Pj)0)| + e + |(H|(1 - Pj)0)| 

< |(E/*S fc |(l - P})0)| + e + |(H|(1 - Pj)0)| < (su Pkek \\~ k \\ + \\E\\ + l)e 

□ 

Corollary 3.35. — We have the following inclusion: 
H ® a c U H (H a ®frH<s,) 

A 1 p° 

Proof. — By the previous corollary, we know that S belongs to the weak closure 
of Ur{H a ®a W$) which is also the norm closure. Now, Uh is an isometry, 

that's why Uh(H a ®p H<s>) is equal to Uh{H a ^sTC^). □ 
Theorem 3.36. — Uh ■ H a ^>(j H<s> — > 77 p®,, 77$ is a unitary. 
Proof. — By the previous corollary, we have: 

(1) 7f ^ H # C [/*(77 Q ®g C [7^(77 C H p ® a 77$. 

Also, using a (AT°, ^°)-basis, we have, for all v G i7* and a G A/71, n A/$: 
a®^ A^a)) (g a (X^ a )*U H ^(v a ®£ A^(o)) 
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so that Uh<z{H^ a ®j3 H<5>) C i?^ p® a H<$>. The reverse inclusion is the 
relation (Q} applied to H^. Consequently, we get: 

U H ^(H^, a ®p Hif,) = UHv(Hv a ®pH$,) 

Since Uh* is an isometry, H^, H§, = a (&p H.® and, so = 

Finally, by inclusion |T]), we obtain Uh(H &<B)/3 = H p® a □ 

Definition 3.37. — Fundamental isometry Uh is now called (left) funda- 
mental unitary. Right version U' H is called right fundamental unitary. 

COROLLARY 3.38. — If [F] denote the linear span of a subset F of a vector 
space E, we have: 

ff # = [Aq((u} ViW p® a id)(T(a)))\v,w G D(Hp, fJ,°),a G A/$ n Ht l } 

f 

= [{X^ a )*U H (v A»(o))|» € fl> € D(H ,fi°),ae M 9 f\M TL ] 

= * td)(^ ff )f|w G D( a H,fi),we D(Hf,, H*] 

Proof. — The second equality comes from 13.181 The last one is clear. It's 
sufficient to prove that the last subspace is equal to Let r\ G H$ in the 
orthogonal of: 

[K,„ * id){U H )£\v G D{ a H,n),w G D(Hp,n ),Ze fl#] 
Then, for all u G D( a H, (i),w G D(Hp, fi°) and £ G we have: 
(?7h(u c®^ 0I W /8®a »7) = *id)(?7ff)^|r?) = 

Since f/jj is a unitary, w ?7 = for all u> G D(Hp, fi°) from which we 

easily deduce that 77 = (by 12.101 for example) . □ 
Corollary 3.39. — We have T(m) — Uh(1 a ®p m)U H for all m G M. 

N° 

Proof. — Straightforward thanks to unitary of Uh and 13.251 □ 

3.6. Pseudo-multiplicativity. — Let put W = U H . We have already 
proved commutation relations of section f3. 41 and, now the aim is to prove that 
W is a pseudo-multiplicative unitary in the sense of M. Enock and J.M Vallin 
( |EV00j . definition 5.6): 
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Definition 3.40. — We call pseudo- multiplicative unitary over N w.r.t 
a, $,(3 each unitary V from H p® a H onto H a (g>^ H which satisfies the 

following commutation relations, for all n,m G N: 



(P(n) a ®~ 3 a(m))V = V(a(m) p ® a (3{n)) 

and 



y /3 

N o N 



(0(n) a ®&P(m))V = V(l3(n) ® a /3(m)) 

and the formula: 



"0 

N° N 



1)(1 V)fl2/i(l /3<8>a <V>)(1 /3<8> a V) 

Afo N° N° N N 



y /3 

Aro N 

flip from if a ® [3 H onto H ^(g) Q i? and is the flip from 7J p® a H „® a H 



(1 a^S V)(V £® Q 1) 

where the first a^o is the flip from H iJ onto ii -ff , the second is the 

onto ii (ii ii). This last flip turns around the second tensor 

product. Moreover, parenthesis underline the fact that the representation acts 
on the furthest leg. 

We recall, following (|Eno02 , 3.5), if we use an other n.s.f weight for the con- 
struction of relative tensor product, then canonical isomorphisms of bimodulcs 
change the pseudo-multiplicative unitary into another pseudo-multiplicative 
unitary. The pentagonal relation is essentially the expression of the co-product 
relation. So, we compute {id r) o T and (r p-k a id) o V in terms of Ujj 

N N 

with the following propositions 13.431 and 13.451 Until the end of the section, Ti 
is an other Hilbert space on which M acts. 

Lemma 3.41. — We have, for all £x <E D( a H,n) and £ 2 £ D{Hp,^i°): 
\*f(Alp* = (A|«)V 2M »(1 a9fi a,)Xff 

N° 

and: 

2 2 N N o N° 

Proof. — The first equality is easy to verify and the second one comes from 
the first one. □ 

Proposition 3.42. — The two following equations hold: 
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i) for all a G D( a H,n), & G D( ff,/i),£ 2 G D{Hp,li°),& G D{Hp^°) 
and f)i,r)2 G i/ie scalar product of: 

(1 /3<g) Q Un)o-2n°{l a ®pO-^){\ a ®p Uh){o^ a ®fc /3<g>a £l] a®0 »7l) 

JV tvo JV° jyo M m° 

£2 /3®a 6 /3®a % «s eguaZ to ((a; ?1)S2 * id)(J7 w )(a; ? / , e < * ^d)(£ / ff) ^ 7l| ? 72)■ 
/or aZZ a G A/$ fl Mt l , £i G 7i and G D(Hp, fi°), the value of: 

(A^' Q )*(1 ^ a ^wH«(l ot®a 0>)(1 U H )(<J^ „8s 1) 

JV TV" W JV° 

on [£i /3® a £1] A$(a) is egitaZ to: 

£M£i a®^ A$((cj^,^ ,g* a id)(r(a)))) 

7V° M 

Proof. — By the previous lemma, we can compute the scalar product of i) in 
the following way: 

((A^; Q )*(1 p® a U n )a 2f i°(l a ®pO^ 

at® jj 

N N o N° p o p 

= {u H \«f(\f; a )*u H (& a ® $ mM2 p® a v2) 

fi° M 

= ((A|T^(& Q ^ (« 6Ui *id)(C^)'hl'») 

Also, the second assertion comes from the previous lemma and 13.171 Let's 
first assume that £1 G D( a Ti., /i). Then, we compute the vector in demand: 



(Xp a )*(l p® a U H )a 2 ^{l a<8ao>)(l a ® U H )>Sf(& Q ®s A$(a)) 

JV N a n° M o 



n° 

= U n (£i o^A^^;^ pk a id)(T(a)))) 

N° M 

So, we obtain the expected equality for all £i G D( a Tl, /i). Since the two 
expressions are continuous in £i, density of D( a Ti,[i) in TL implies that the 
equality is still true for all £i G TL- □ 



{id ^r)(r(fl))^ At(t) 



Proposition 3.43. — For all a,b G A/* n A/tl , ftawe: 

= (1 flOa (1 &®ot J*&Js)£7w)av(l a ®0 cr M )(l a ®f3U H ){o- t i o®^ l)PA*(a) 
N N jsjo N° N° 
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Proof. — Let £1 € Tt and £,[,£,'2 & D(Hp,/i°). We compose the second term of 
the equality on the left by (Xp a )* and we get: 

(1 (3® a J<s>bJ$)(\p a )*(l p® a U n )a-2no(l a ®£ cr (ti )(l a <g>pU H )(o-v a®pl)p^, a) 

N 2 N N a N° N a 

which we evaluate on £[ p® a to get, by the previous proposition and 13.161 

A* 

(1 /3®q J<s,bJ$,)U n (£,i P*a "id)(T(a)))) 

= r((w CU5 ^)(r(a)))p^; a A#(6) 6 

= (Af/T(w ^ r )(r(a)V^ (b) (^ ^6) 

So, the proposition holds. □ 
Lemma 3.44. — For all X e M p* a M C (1 p® a ${N))' ' , we have: 

N N 

(r p* a id)(X) = (U B /3<8>al)(l a®**)^ p ® a 1) 
AT AT jy° w 

Proof. — Bv l3.391 T is implemented by Uh so that we easily deduce the lemma. 

□ 

Proposition 3.45. — For all a,b S 7V$ n A/r L , we have: 

(r ^ *d)(T(a))p^ A {b) 

N 

= (1 /3®a 1 f3®a J<bbJ 9 ){U H (3® a 1)(1 a®^ W*)(Z7£ Q ®g l)^f( a ) 
N N N jyo N o 



Proof. — By the previous lemma and 13.161 we can compute: 



(1 A 1 P®a J<S>bJ^)(U H 0<8>a 1)(1 t<®| ^"K^ 1)?^,,) 
N N N n° N° 

TV ato JV TV° 

(C/T /3®a 1)(1 a®5 (1 /3®a J* 6 J* ) (a) ) ^ 

AT ato TV 

/3,a 



= (Efo /3® q 1)(1 a ® na)pyX(b)) U H 

N N a 

(U H Al)(l a ® $ T(a))(U H a ® $ l) P P j'X {b) = (r id)(T(o))p5; a A 

□ 



-(b) 

Afo ato AT 
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Corollary 3.46. — The following relation is satisfied: 

1)(1 a® a 

jyo N a N a N N 

Proof. — We put together 13.431 (with H = H<f>) and 13.451 thanks to the co- 
product relation. We get: 

(1 ® a W*)a 2fl o(l a (g)scr M )(l a ® p U H ) 

= (U H a ®pW*){U* H a ®pl){o-^ a ®pl) 

Take adjoint and we are. □ 

Theorem 3.47. — W is a pseudo-multiplicative unitary over N w.r.t a, [3, (3. 

Proof. — W is a unitary from H$, p® a H$, onto H$ a ®^ £/$ which satisfies 

the four required commutation relations. The previous corollary, with H = H$, 
finishes the proof. □ 

Similar results hold for the right version: 

Theorem 3.48. — IfW' = U' H , then the following relation makes sense and 
holds: 

(W ^1)^ ^„1)(1 0®aU' H )a 2 „o(l & ®p ct m )(1 & ®pU' H ) 
N N N N° N" 

= (i ?® a u' H )(W & ® p i) 

N N° 

If H = Hq, , then W is a pseudo-multiplicative unitary over N° w.r.t (3,u,a. 

Proof. — For example, it is sufficient to apply the previous results with the 
opposite Hopf bimodule. □ 

3.7. Right leg of the fundamental unitary. — In the von Neumann 
setting of the theory of locally compact quantum groups, it is well-known (see 
|KV03j ) that we can recover M from the right leg of the fundamental unitary. 
In this paragraph, we prove the first result in that direction in our setting. 

Definition 3.49. — We call A(U' H ) (resp. A(U' H )) the weak closure in C(H) 
of the vector space (resp. von Neumann algebra) generated by {lo v .w * id)(U' H ) 
with v G D( & (Hy), fi) and w G D((Hq,)p, fi°). 
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Proposition 3.50. — A(U' H ) is a non- degenerate involutive algebra i.e 
A{U' H ) = A{U' H ) such that: 

a{N) U /3(A) C A{U' H ) = A{U' H ) C M C a(N)' 

Moreover, we have: 

xe A(U' H )'nC(H) U' H (l & ®px) = (l ( i® a x)U' H 

N° N 

In fact, we will see later that A(U' H ) = A(U' H ) = M. 

Proof. — The second and third points are obtained in [EVOOj (theorem 6.1). 
As far as the first point is concerned, it comes from |Eno02j (proposition 3.6) 
and 13.201 which proves that A{U' H ) is involutive. □ 

To summarize the results of this section, we state the following theorem: 

Theorem 3.51. — Let (N,M,a,f3,T) be a Hopf bimodule, T L (resp. T R ) be 
a left (resp. right) invariant n.s.f operator-valued weight. Then, for all n.s.f 
weight fi on N , if $ = /j, o a^ 1 o Tj,, then the application: 

v a ®p A$(a) h-> 2J& 0*aid)(T(a))) 

C° i£l I* » 

for all v e D{{H^)^,fj,°), a e Nt l HA4, (N°, fx") -basis (Ci)iei of (H$)p and 
where f3(n) = J$a(n*)J$, extends to a unitary W , the adjoint of which W* 
is a pseudo-multiplicative unitary over N w.r.t a, (3, (3 from H§ a ® 3 H$ onto 

n° 

H$ p® a H^. Moreover, for all m € M , we have: 
li 

T(m) = W*(l a ®p m)W 

N° 

Also, we have similar results from Tr. 

We also add a key relation between T and the fundamental unitary proved 
in corollarv l3.19l 

Theorem 3.52. — For all e, x £ A/$ fl Nr L and rj E D( a H$, we have: 

(id * a Wj # A*(e),^)(r(a;)) = {id* UlA^(x),J^J^r,)(UH) 
A" 

Also, for all f,y£ A* n Mr R an d £ £ D((H-qr)p,pf), we have: 

(^j*A*(/),e id)(r(y)) = K^j,),^/-^? * id)(u' H ) 
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PART I 



MEASURED QUANTUM GROUPOIDS 



In this part, we propose a definition for measured quantum groupoids from 
which we can develop a full theory that is we construct all expected natural 
objects, then we perform a dual structure within the category and we also get 
a duality theorem which extends duality for locally compact quantum groups. 
Two main ideas are used in this theory. First of all, we use axioms of Masuda- 
Nakagami-Woronowicz's type: we assume the existence of the antipode defined 
by its polar decomposition. On the other hand, we introduce a rather weak 
condition on the modular group of the invariant operator- valued weight. From 
this, we can proceed and we get all known examples as we will see in the second 
part. 



In the following, (N, M, a, (3, T) denotes a Hopf-bimodule. Like in the quan- 
tum group case (for example [KVOOj or [MNW03 ) , we assume that there exist 
a normal semi-finite and faithful (nsf) left invariant operator-valued weight 
Tl- We also assume that we have an antipode. Precisely, like in MNW03], 
we require the existence of a co-involution R of M and a scaling operator r 
(deformation operator) which will lead to polar decomposition of the antipode. 
Axioms we choose for them are well known properties at the quantum groups 
level. They are quite symmetric, easy to express and adapted to our develop- 
ments. They give a link between R, r and the co-product T. They stand for 
strong invariance and relative invariance of the weight in [MNW03 . Finally, 
we add a modular condition on the basis coming from inclusions of von Neu- 
mann algebras. The idea is that we have to choose a weight on the basis N to 
proceed constructions. That is also the case for usual groupoids (see |Ren80j . 
|Val96j and also section [T0|) . 

Definition 4.1. — We call (N, M, a, (3, T, T L ,R, r, v) a measured quantum 
groupoid if (N, M, a, /?, T) is a Hopf-bimodule equipped with a nsf left invari- 
ant operator- valued weight Tl from M to ct(N), a co- involution R of M, a 
one-parameter group of automorphisms r of M and a nsf weight v on N such 
that, for all t G M and a, b £ Afr L H W$ : 



4. Definition 



R((id -k a ujj^ A ^ {a) )T(b*b)) 



(id i3* a wj 4 A 4 (t))r(tt*a) 



V 



and r t ((id p* a uj JsA ^ a ))T(b*b)) 



{id * a w J$A4(cr * (o)) )r(«7 t (b*b)) 
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where $ = v o a^ 1 o Tj, and such that: 

where 7 is the unique one-parameter group of automorphisms 7 of N satisfying 
for all n G N, t G K: 

^(/3(n))=/?(7 t (n)) 

We recall that the Hopf-bimodule does also admit a nsf right invariant 
operator-valued weight Tr = RoT^o R. The rest of the section is devoted to 
develop several points of the definition and clarify from where 7 comes from. 
Thanks to relation concerning r, we easily get that: 

T t ofj — l3oa^ and (r t p* a af)oT — Toaf 

N 

for all n G iV and tsK (For the first one, make b goes to 1). The first equality 
give the behavior r should have on the basis. In fact, it is necessary, if we 
want to give a meaning to r f p-k a af. The last relation is usual in the theory 

N 

of locally compact quantum groups. Then, we can explain how to recover M 
from T: 

Theorem 4.2. — If < F >~ w is the weakly closed linear span of F in M, 
then we have: 

M =< (lo * a id)(T(m)) \ m€M,co € M+, k £ K+ s.tujo (3 <kv >~ w 
=< (id fj -k a uj)(T(m)) I m G M, ui G M+, k G M + s.tuoa<kv >~ w 

V 

Proof. — Let call Mr the first subspace of M and Ml the second one. Since 
T t ((3(n)) = /?(of (n)) for all f G M, we have: 

Mr =< (cjoT t fj * a id)(T(m)) \ m G M,u G (Mr)+, fc G K+ s.t wo/3 < fc^ > _w 

V 

Moreover we have af ((ui p* a id)T(m)) = (ui o r t p-k a id)T(af (m)) so that 

(jf(Mji) = Mr for all tgK. On the other hand, by proposition ^. Ill restriction 
of <!> to Mr is semi-finite. By Takesaki's theorem f [Str81J . theorem 10.1), there 
exists a unique normal and faithful conditional expectation E from M to Mr 
such that $(m) = $(E(m)) for all m G M + . Moreover, if P is the orthogonal 
projection on the closure of A$(A/$ D Mr) then E(rn)P = PmP. 

So the range of P contains A$((w id)r(a;)) for all w and a; G A/$. By 

1/ 

proposition 13.381 implies that P = 1 so that E is the identity and M — Mr. 
Now, it is clear that P(Mr) = Ml thanks to co-involution property what 
completes the proof. □ 
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The theorem enables us to understand that formulas satisfied by R and t in 
the definition are sufficient to determine them. For example, we can be ensured 
of the commutation between R and r which can be tested on elements of the 
form (id p* a Wj # A # (a))r(6*&)- Also, if we put * = v o p^ 1 o Tr = <& o R : we 

get, for all let: 

of = R o cr* t o R and T t o a — a o and (cr* p-k a r_ t ) oT^To er* 

AT 

Then, we can precise the behavior of t with respect to the Hopf-bimodulc 
structure: 

Proposition 4.3. — We have T o r t = (r t /3* Q r t ) o r /or a// tel. 

Proof. — Because of the behavior of r on the basis, it is possible to define a 
normal *-automorphism r f p* a r t of M p-k a M which naturally acts for all 

N N 

tGR. By co-product relation, we have for all t6K: 
(id * a F)(of p* a T-t) ° T = (id * a T)T o of 

= (r jj-k a id)T o of = (To of p* a T- t )T 
— ( a f P*a T -t P*a T-t)(T p* a id)T 

V V V 

= (<*f (3*a [(T-t (3*a T- t ) ° T]) O T 

V V 

Consequently, for all m £ M, uj £ M+, k £ R + such that ui o (3 < kv, we have: 
r o r_ t o ((lo o erf) ~k a id)T = (uj p* a id ~k a id)(af -k a (T o r_ t )) o T 

= (u) jj-k a id * a id) (of p* a [(T^t f3*a T-t) ° T] ) 



V V V V 

= [(T-t (3*a T-t) ° r] O ((u> O of) f3* a id)T 
v v 

The theorem 14.21 allows us to conclude. □ 



Then, we get a nice and useful characterization of elements of the basis 
thanks to T: 

PROPOSITION 4.4. — For all x e M na(N)', we have T(x) = 1 p<gi a x <^> x £ 

N 

P(N). Also we have, for all x £ M n P(N)' , Y(x) = x p® a a(N). 

N 
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Proof. — Let x e M n a(7V)' such that = 1 fj ® a x. For all n £ N, wc 

AT 

define in the strong topology: 

x n — / exp(—n 2 t 2 )af(x) dt analytic w.r.t cr*, 
V n J 



and: 

y„ = — = / exp(—n 2 t 2 )T- t (x) dt belongs to a(N)' . 



/it , 

Then we have r(x„) = 1 p® a y n . If d £ {Mm n A1t„) + , then, for all n £ N, 

AT 

we have cte n € Mm fl Mt r - Let w e M+ and fc e M + such that o> o a < kv. 
By right invariance, we get: 

w o T R (dx n ) = * a irf)(r(dx„))) 

= *((*d w)(T(da; n ))) - *((id 0* Q (i/„w))(T(d))) 
= ^ id)(T(d))i/ n ) - u(T R (d)y n ) 

Take the limit over n e N to obtain T R (dx) = T R (d)x for all d e C\Mt r 
and, by scmi-finitencss of T R , we conclude that a; belongs to 0(N). Reverse 
inclusion comes from axioms. If we apply this result to the opposite Hopf- 
bimodule, then we get the second point. □ 

Finally, we are able to explain existence and uniqueness of 7 for the defini- 
tion: 

Proposition 4.5. — There exists a unique one-parameter group of automor- 
phisms 7 of N such that: 

a^{[3{n)) = f3{ lt {n)) 

for all n £ N and t £ R. 

Proof. — For all n £ N and t £ M, we have of (/3(ra)) belongs to M n a(N)'. 
Then, we can compute: 

Toat(f3(n)) = (T t fi * a a* ) o r(/3(n)) 

N 

= (n f3* a o-f)(l 0® a (3{n)) = l 0® a o-f{[3{n)) 

N N N 

By the previous proposition, we deduce that af{f3{n)) belongs to (3(N) i.e there 
exists a unique element 7t(n) in N such that af([3(n)) = /3(j t {n)). The rest of 
the proof is straightforward. □ 
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In our definition, we ask 7 to leave invariant v. Just before investigating the 
structure of these objects, we re-formulate at the Hilbert level relations for R 
and r with Ur (or W) coming from theorem l3.51l Depending on the situation, 
we will use one or the other expression. 

Proposition 4.6. — Let I be a unitary anti-linear operator which implements 
R that is R(m) = Im*I for all m £ M and P be a strictly positive operator 
which implements r that is Tt(m) = P~ lt mP lt for all m £ M and tel. For 
all t el and v,w £ D( a H<£,v), we have : 

R((id*ojj^ VlW )(U H )) = (id*wjs, WiV )(U H ) 
T t ((id*ujj^ w )(U H )) = (id* uJ A -u JiViA -u w )(U H ) 

(I a ® p J*)U* H = U H (I (3® a J*) and {P lt fJ ® a A*)U H = U H (P lt a ® $ A|) 
qv° (R /3*a R) T = r o R and (r t p-k a o~f ) o T = T o of 

N N 

Proof. — By theorem 13.521 for all e,x £ A/$ C\Mt l and n £ D( a H$, n°), we 
recall that: 

{id p* a Wj^^ v )(r(x)) = (id* WA»(a),J*e*J-*»,)(Ufr) 

Then the first two equalities are equivalent to formulas of the definition and 
we get straightforward the equalities at the Hilbert level. The last ones come 
from definition. □ 



5. Uniqueness, modulus and scaling operator 

In this section, we obtain results about the modular theory of the left- 
invariant operator- valued weight. We construct a scaling operator and a mod- 
ulus which link the left invariant operator-valued weight Tl and the right in- 
variant operator- valued weight RoT^o R. We also prove that the modulus is 
a co-character. We also establish uniqueness of the invariant operator-valued 
weight. 

5.1. Definitions of modulus and scaling operators. — 

Proposition 5.1. — For all t el, we have: 

(1) To afr-t = (id -k a afr-t) ° T 

N 

(2) R o T L o R o afr^t =P° lW- t ^ R T L ° R 

(3) $ o R o of T_ t = $ o R 
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Proof. — For all n € N and t € K, we have: 

afT- t {a(n)) = af (a{a u _ t {n))) = a(n) 

so that we can define id p-k a afr-f Then, the first statement comes straight- 

forward from definition property of r and by proposition 14.31 
By right invariance of Tr, we deduce, for all a G -Mt r : 

T r o af T _ t (o) - (* f j* a id)T(af r_ t (a)) 

= <7*T_ t ((* /3* Q *d)r(o)) = 0?T_ t O Tfl(a) 

V 

Then, by hypothesis on r and Tj,, we get: 

T R o erf r_ t = erf r_ t o /3o /3" 1 o T fl = erf o (3o a v _ t o /3 _1 o Tr = fio^ t a v _ t o/3^ 1 o T R 

To conclude we just have to take v o on the previous relation and use 
invariance property of a u and 7 w.r.t ^. □ 

Proposition 5.2. — TTie one-parameter groups of automorphisms cr* and r 
(resp. cr* and t) commute each other. 



Proof. — We put n t — "ftO~-t- Since \& is /c-invariant, we have af o af o t. 



af o r_ t o cr*, for all s, i € R so that: 

d /3*a K t )r = T o Kt = r o cr* s OKjOir^ (cr* s 0* Q r s ) o r o K t o cr* 

AT A 

= (cr* s ^ r s o K t ) o T o cr* = (id t s ok ( o t_ s ) o T 

So, for all a £ M, u> £ M+ and fc S M + such that u> o /3 < fez/, we get: 
crfor-t((o) id)r(a)) = t s o af o r_ t o t_ s ((o; ,g* a id)r(a)) 

and by theorem 14. 21 we easily obtain commutation between cr* and r. By 
applying the co-involution R to this commutation relation, we end the proof. 

□ 

Corollary 5.3. — The one-parameter groups of automorphisms cr* and cr* 
commute each other. 

Proof. — By the previous proposition, we compute, for all s,(el: 
Toa s oa t = (t s /3* a a; ) o V o a t = (T s a t p* a a* T- t ) o T 

N N 

= (cr t T s /3*q T-tCT^ J o 1 
Af 

= (ft P*a T-t) o r o a s =ro(j f o cr s 

Af 

Since T is injective, we have done. □ 
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By the previous proposition and by [VaeOla (proposition 2.5), there exist a 
strictly positive operator S afhliated with M and a strictly positive operator A 
affiliated to the center of M such that, for all t £ R, we have [D& o R : D$] t = 
A^* 2 S u . Modular groups of $ and $oi? are linked by af oR (m) = S it af(m)5^ it 
for all t e M and m <E M. 

Definition 5.4. — We call scaling operator the strictly positive operator 
A affiliated to Z(M) and modulus the strictly positive operator 8 affiliated to 
M such that, for all t £ R, we have: 

[£>$o R : D<5>] t = A^'V* 

The following propositions give the compatibility of A and 8 w.r.t the struc- 
ture of Hopf-bimodulc. 

Lemma 5.5. — For all s,t€R, we have [D$ o af oR : D<$>] t = X lst . 

Proof. — The computation of the cocycle is straightforward: 

[D$ o af oR :£>$]« = [L>$ o af oR : L>$ o R o af oR } t [D<S> o R : D<f>] t 
= <r*° s R ([D$ : L>$ o R] t )[D® o R : D$] t 

= 8- ls \-^\ lst 5" lt 8 is X^5 it = X lst 

□ 

Proposition 5.6. — We have R(\) = X, R(S) = S^ 1 and,T t {5) = 8, r t (A) = A 
for all t £ R. 

Proof. — Relations between _R, A and S come from uniqueness of Radon- 
Nikodym cocycle decomposition. By proposition l5.U we have $or_ s = &oaf oR 
for all s, t £ R, so: 

t s ([D<S>oR: D$]t) = [D<f>oRo T - s : D$or_ s ] f = [L>$ o of oR ; o R : D<S>oo-f oR ] t 

Consequently, by the previous lemma, we get: 

r.([D$oR:D0\t) 
= [£>$ o af oR o R : D$ o R] t [D$ o R : D$] t [L>$ : L>$ o of ofi ] t 
= i?([L>$ o erf -" : £>$]* t )[£)$ o i? : D$] t [D$ o of oi? : £>$]* 

= i?(A is *)A-^<5 l *A- is * = A" 1 ^^* 

□ 
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5.2. First result of uniqueness for invariant operator-valued weight. 

— Next, we want to precise where the scaling operator A sits. We have to 
prove, first of all, a first result of uniqueness as far as the invariant operator- 
valued weight is concerned. 

Let T\ and T 2 be two n.s.f left invariant operator-valued weights from M 
to a(N) such that T 1 < T 2 . For all i G {1, 2}, we put <J> 4 = v o a" 1 o T l and 
Pi(n) = J<s >i a(n*)J$> i . 

We define, as we have done for Uh, an isometry (U 2 )h by the following 
formula: 

(U 2 )h(v A$ 2 (q)) = y^tjj p® a A$ 2 ((ui v>ii p* a id)(T(a))) 

for all v G D(Hp,v°) and a € A/$ 2 H.A/t 2 - Then, we know that (U 2 )h is unitary 
and r(m) = (C/ 2 )h(1 m){U 2 )* H for all to G M. 

Since Ti < T 2 , there exists F G C(H^> 2 , if^) such that, for all x G A/# 2 nA/r 2 , 
we have FA$ 2 (x) = A^^x). It is easy to verify that, for all n G N, we have 
F/3 2 (rc) = $i(n)F. If we put P = F*F, then P belongs to M' H /^(iV)' and 
J$ 2 PJ$ 2 belongs to M n a(A r )'. 

Lemma 5.7. — IFe have T(,U 2 P,U 2 ) = 1 ,3<g) Q J$ 2 PJ$ 2 . 

N - 

Proof. — We have, for all v, w G D{Hf3, v°) and a, 6 G A/$ 2 n A/r 2 : 
((1 0® a P)(U 2 )h(v a®0 2 

A$ 2 (a))\(U 2 ) H (w 

a®0 2 

= ((£/i)j?0 <*% A <&1 (a))|(C/i)//(w A# x (6))) 

where {Ux)h is defined in the same way as (U 2 )h- The two expressions are 
continuous in v and w, so by density of D(Hp, v°) in H, we get, for all v,w E H 
and a, 6 G A/$ 2 n A/t 2 : 

((1 /3(g) a P)(U 2 ) H (v a® p 2 h$ 2 (a))\(U 2 ) H (w A* 2 (6))) 
= ((^l)ff(f A <I > 1 (a))|(i7i) ff (w A* x (6))) 

= {v a ®^K^{a)\w A $1 (6)) 

1/° i/° 

= ((1 a^-PXv A$ 2 (a))|w A»,(6)) 

so that (U 2 )* H (1 p® a P)(U 2 )h = 1 a®R 2 P ■ In particular, if we take H = 
then by SH] we get (U 2 )h(1 a®a 2 J<s> 2 PJ<s> 2 )(U 2 )* H = 1 ,30c Jq, 2 PJ^ 2 . Finally, 
since J$ 2 PJ<j> 2 G M, we have L(J$ 2 PJ$ 2 ) = 1 p® a J$ 2 PJ$ 2 . □ 

iV 
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Proposition 5.8. — If Tx and T 2 are n.s.f left invariant weights from M 
to a(N) such that T\ < T 2 , then there exists an injective p £ N such that 
< p < 1 and, for all t £ R: 

[£>$i : D$> 2 ] t = (3(p) lt 

Proof. — By the previous lemma and proposition 19.291 there exists an injec- 
tive p £ N such that < p < 1 and, for all x,y £ A/$ 2 n A/"t 2 , we have 
(A^, 1 (x)\A^, 1 (y)) = (J$ 2 /3(p) J$ 2 A$ 2 (a;)|A$ 2 (y)). By [Str81j (proposition 3.13), 
we get that f3(p) coincides with the analytic continuation in —i of the cocycle 
: D$ 2 ]. Then, we have, for all t £ M: 

[D$x ■ D$> 2 ] t = I3{p) lt 

□ 

Proposition 5.9. — Let Tx be a n.s.f left invariant operator-valued weight 
$1 is a® -invariant. Then, there exists a strictly positive operator q which is 
affiliated to N 1 such that $1 = (<f>)pr q y 

Proof. — We put T 2 = Tl+Tx. Since $1 is cr* -invariant, then the left invariant 
operator- valued weight T 2 is n.s.f. Finally, since Tx < T 2 and Tj, < T 2 , there 
exists an injective p £ N between and 1 such that <&i = ($2)/3( p ) and <f> = 
(*2)j9(i- P ). By |Str81j . we have: 

[£>$i : D<S> 2 ] t = (3(p) lt and [£>$ : D<S> 2 ] t = 0(1 - p) lt 

Then, we have, for all £ £ R: 

[D$x ■ D$]t = [D<f>x ■ D<$> 2 ] t [D<5> 2 : D$] t = 0(-^—) ii 

1 -p 

that's why q — is the suitable element. Now, by |Str81j . we have: 

0( q ) = af(0(q)) = 0( lt (q)) 
so that, by injectivity of 0, we get that q is affiliated to A^ 7 . □ 

Lemma 5.10. — For all t € R, T_t oTl o n is a n.s.f left invariant operator- 
valued weight from M to a(N). Moreover, af ° Tt (0(n)) = 0(j s (n)) for all 
s,t€l and n £ N. 

Proof. — For all t£K, we have v o aT x o r_ t o Tj, o r t = $ o r t . Then: 
(id p-k a v o a -1 o T—t ° Tl o T t ) o r = (id p* a $ o r t ) o T 

= T-t O (id (3* a <f>) o T o T t — T-t ° T L o T t 
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On the other hand, for all s,t£l and n £ N, since 7 and a v commute, we 
have: 

*f° T *(f3(n)) = T_ t o af o r t (/3(n)) = r_ t o af (/?«(n))) 

= r_ t C9( 7 .<(n))) = /3(^ t7 XM) = «(n)) 

□ 

Proposition 5.11. — There exists a strictly positive operator q affiliated with 
Z(N) such that the scaling operator A = a(q) — /3(g). In particular, A is 
affiliated with Z(M) n a(iV) n /3(N). 

Proof. — By the previous lemma, t s oTlot- s is left invariant. Moreover, since 
<t* and r commute, $ o r_ s is cr*-invariant. That's why, we are in conditions 
of proposition 15.91 so that we get a strictly positive operator q s affiliated with 
N" 1 such that [£)$ o r_ s : D$] t = /% s )". On the other hand, by lemma 1531 
we have [D<& o crf ^ : D$] t = X ist . Since we have $ o t_ s = $ o af oR , so we 
obtain that X lst — (3(q s ) lt for all s,t£i We easily deduce that there exists 
a strictly positive operator g affiliated with Z(N) such that A = /3(<?). Finally, 
since R(X) = A, we also have A = a(q). □ 

5.3. Properties of the modulus. — Now, we prove that the modulus 5 is 
a co-character. This will be a key-result for duality. 

PROPOSITION 5.12. — For all n e N and t el, we have: 

5 it a(n)S- it = a(7 t o?(n)) «W <5 lt /3(n)<T 4 * = (3{ lt a v t {n)) 

Proof. — By definition of 7, we have: 

0(a»_ t (n)) = <r?(0(n)) = <fVf '(/3(n))r tt = ^(^(n))^ 

what gives the first equality (we recall that 7 and a v commute with each other) . 
Then, apply the co-involution to get the second one. □ 

Thanks to the commutation relations and by proposition 12 . 1 31 we can de- 
fine, for all t £ K, a bounded operator S lt g(8) a S lt which naturally acts on 

N 

elementary tensor products. 

Lemma 5.13. — There exists a strictly positive operator P on iJ$ implement- 
ing t such that, for all x € A/$ and t£ R, we have P lt A$(x) — A^A$(r t (x)). 

Proo/. — Since $ o i? = $ 5 , by [VaeOlaj (5.3), we have: 
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and since A is affiliated with Z(M), we get ||A$(crf oii (a;))|| = ||A*A$(a;)|| for 
all x 6 A/$ H Mt l and tel. But, we know that $ is af ° R o r t -invariant, so 
||A$(af)|| = ||A 5 A$(rt(x))||. Then, there exists P t on if$ such that: 

P t A 9 {x) = \*A 9 (T t (x)) 

for all ieJV#fl Nt l and tel. For all s,t G M, we verify that P S P 4 = P st 
thanks to relation it (A) = A and the existence of P follows. The fact that P 
implements r is clear. □ 

Lemma 5.14. — We have, for all a,b G A/* n A/*t l and t G M: 

W J*A*(A^ t (a)) = ^*A*(a) ° T -* ^J^(b) o 0-f° R = W JiA#(Aiff!;R(fc)) 

Proof. — Since r is implemented by P, the first relation holds. By |Vae01aj 
(proposition 2.4), we know that A$ ^ = J$5J$<5A$ so that we can compute, 
for all x £ M and b G A/* H 7V Tl/ : 

(of °*(x)J$A $ (&)|J $ A $ (6)) = (zA^, J*A*(6)|A^' fl .J* A* (6)) 

= (a;J <i) ^ t J <i) (5- lt A 4 ;%A <i) (6)|J <i)( 5 4 %5- i *A $ J *J <I .A <I> (fe)) 

= (it" J$A$ (o* (6) ) |<T l * J$A* (<r* t (6) ) ) 

= (a;J$A $ (A3 ( T* t (&)^)|J 4 ,A$(A5 ( T* t (&)5 2 *)) 

= {xJ^A^(xh- u a^ t (b)S lt )\J^A^(xh~ lt a%(b)6 lt )) 

= (a;J$A$(A5 f 7*° fl (6))|J $ A$(A^a*° fl (6))) 

□ 

Proposition 5.15. — We have T o r t = (erf ^ cr*? 71 ) o r /or a// 1 G R. 

TV 

Proof. — For all a, 6 £ A/$ H A/t l and f € M, we compute: 

(id (S*a Wj»a*(!i))[^* p-ka af oR ) oV oT t (a*a)} 

v N 

= <r- t [(id P*a uj^Avib) ° v? oR )(r°T t {a*a))} 

By the previous lemma, this last expression is equal to: 

a%[{id * a ^ A#(Ai ^ R(fe)) )(r o Tt (a*a))] 

= a% o R[{id * a ^ A , (Tt(a)) )(r(AV*?«(6*6)))] 
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Again, by the previous lemma, this last expression is equal to: 
R o af oR [(id * a uj^ {a) o T -t(T o <j*° R (b*b))} 

1/ 

= R[(id * a w J#A# (o))(r(6*6))] = {id * a uj JtS>A ^ {b) )(T(a* a)) 

V V 

So, we conclude that (a% p* a erf oR ) o T o r t = T for alii e R. □ 

JV 

Corollary 5.16. — For all t ER and m E M, we have: 

(S lt ® a 5 lt )T{m)(5- lt ® a iT 4 ') = r(<5 Jt TO<T lt ) 

JV JV 

In particular, for all s,t £l, T(S ts ) and S lt p® a S lt commute each other. 

JV 

Proof. — For all f G R, we have: 

( CT -t ° /3*a cr„ t o (7 t ) O 1 = (cr_ i ,3* Q <7_ t o <T t orjoloff, 

JV JV 

= (a* o r t ff* a af oR o r t ) o T o a* t o CT f °« 

JV 

JV 

~ ~ ^-*°J^ 

= 1 O (T_ t O (T t 

We know that cr* t crf oR (m) — 6" lt m5~' lt for all to 6 M, that's why we get: 
(<J" ® a S lt )T(m){5~ lt p ® a 8~ lt )=T{5 lt m5- lt ) 

JV JV 

In particular, for all s E R, we have: 

N N 



□ 

PROPOSITION 5.17. — Let us denote by T$ Tl made of elements a E Mt r n 
A/$ nJV*, analytic with respect to both $ and ^ such that, for all z,z' E C, 
af o o~f (a) belongs to Mt r H A/$ D A/V • TTiis linear space is weakly dense in M 
and the set of A* (a) (resp. A$(a)j, for all a E T^ Tl , is a linear dense subset 
in H. Moreover, the subset J^A.^{T^ Tl ) is included in the domain of 5 Z , for 
all z E C and is an essential domain for S z . 

Proof. — Let us take x E %&t l an d ^ us wr he A = J °°t det and define 
f p = Jf de t . If we put: 



x p , 9 = /p y - y e~ qt2 af (x) dt 



50 



FRANCK LESIEUR 



we obtain that x PA belongs to %jf T , is analytical with respect to 'J, af (x M ) is 
weakly converging to x and A$(x Pi9 ) is weakly converging to A$(z). Moreover, 
AT L (x Pj q)is weakly converging to At l (x). 
Since, for all y £ M and t £ R, we have: 

afa* t = S u xS- u 

we see that, for all such elements x PA and z £ C, 8 lz x PA 8~ lz is bounded 
and belongs to T^^ L . In particular, 5~^x p , q 5^ belongs to M.t l ^ ^* an d * s 
analytic with respect to both $ and 'J'. Using then the operator e„ introduced 
in |Vae01aj . 1.1, which are analytic to both $ and \& and converging to 1 when 
n goes to infinity, we get that e n x Ptq belongs to Nr L fl A/$. On the other hand, 
since: 

belongs to A/$, we see, by [VaeOlaj . 3.3, that e n x p , q belongs to A/* and, there- 
fore, to T$t l ' from which we then get all the results claimed. □ 

Let recall proposition 2.4 of [Eno04j : 

Proposition 5.18. — Leta,binJ\f TL . ThenT L (a*a) andT L (b*b) are positive 
self-adjoint closed operators which verify: 

Lemma 5.19. — Let b £ Af Trt n A/$ n A/* and X positive affiliated to M be 
such that 5~zX5~2 is bounded. Then the element of the extended positive part 
(id p* a ty)T(X) is such that: 

wj.a.(6)((« p* a *)rpQ) = w i (^(r^xri)) 

//X is bounded, such that 8~2X5~2 is bounded and in M.% L then (wj 4 ,a 4 ,(6) /3*c 
id)T(X) belongs to M^ L H A4^. if Y is in A^J , rae /iawe: 
(J-'Ti(Y)^ = (id /3* Q ¥)r(£*.Y<f*) 

Proof. — Let us assume that a, b £ Nt r n A* n A/*. By [VaeOlaj . J$A$(a) is 
in the domain of 5~z and 5~z J$A$(a) = A* <5~ 2 A* (a). Then, we compute 
the following: 

wj«A*(6)((*d ^«5)r(a' a )) = $0 %W*W 3* a id)r(a*o)) 
= *((wj. A .(a) ^« <<0r(6*6)) = u, JMa) (T L (b*b)) = u s -lj^ (a) (TL(b*b)) 
= ^A. M ^)^^ 6 ))-^A.( b )(T L ( ( 5-^* fl ^^)) 
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If X is positive such that S ^X8 2 is bounded, we may consider X as the 
upper limit of elements of the type a*cii where at belongs to the dense left ideal 
Nt r D A/$ flA/*. Then every a,i5~~2 is bounded and we get the first formula by 
increasing limits. The proof of the second one is an easy corollary of the first 
one because we are in the essential domain of 6? . □ 

Theorem 5.20. — We have T(S) = 8 p® a 8. 

N 



Proof. — Applying T to the second equality of the previous proposition, we 
+ . 
<i>- 



get for all Y e M + 



r(s*)(T L {Y) p ® a i)r(j3) =v((id ^ a *)r(^y^)) 

N v 

= {id p -k a id -k a ^){T * a id)T{8^Y8^)) 
= {id p -k a id -k a ^){id p* a T)T{8?Y5*)) 

Let now b G T$t l an d define Z by: 

Z = (wj*a*(6) id)T(6?Y8*) 
By corollary |5.16[ we have: 

which is bounded by proposition 1 5 . 1 7l By the previous proposition, we get for 
all b' G T TK nT t : 

wj.a.(4) e® a J.A*(b>)(n^)(TL(Y) ® a l)r(<J*)) 

N 

= ^j< s A< s ,(b) /3 «. a j*A 4 ,(6')((* rf /3*" id p* a if!){id -k a T)T{8%Y8*)) 
= ujvh*{V){{id /3*a *)r((wj wA *(6) 0® a id)T(8*Y8*))) 

AT L (Y) „® a l) 

1 N 

from which we infer, by increasing limits, that: 



52 Jq,A<s,(b) p® a &z J*A*(6') x 



Wj*A*(6) ^ Q J 4 ,A 4 ,(6')( r W) = ||<S a J*A*(6) 0® a 8* JyA 9 (b')\\ 2 

which finishes the proof by proposition l5.17l □ 
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5.4. Uniqueness of invariant operator-valued weight. — 

Theorem 5.21. — IfT' a n.s.fleft invariant operator-valued weight such that 
( T t /3*u ) ° T = T o a* , f o y = y and 707' = 7' o 7, then there exists 

N 

a strictly positive operator h affiliated with Z(N) such that, for all t € R, we 
have: 

$' = !/ o a- 1 o T' = (v o a" 1 o T L ) (3(ft) and [£>T' : £>r L ] t = (3{h lt ) 
Proof. — We put $' = v o a -1 o T". We have for all s € R: 

T o a* s o af = [t- s p+a a* J oToa* = (id p* a af s o <rf ) o T 

N N 

By right invariance of Tr, we have for all a € .My : 
T fl (a? s o a? (a)) = (* o i? „* a id)(r(a? s o af (a))) 

= a* s o af (($ o R p * a id)T(a)) = af o af (T R (a)) 

V 

Since 7 and 7' leave v invariant, we get that $ o R is af o af -invariant and, 
so af ° R and af o af commute each other. But a®° R and a* commute each 
other that's why a®° R and a* also commute each other. For all s,t € R, we 
have: 

r(of (5 is )r is ) = (r t ^af )(r(^ s ))(5-^ fl ® a r") = i ^af (<5 is )<r is 

Af N N 

Consequently af (5 ls )8~ ls belongs to /3(N). For all n £ N and s,t 6 1, we 
have: 

af (<n/3(r>)af (<T is ) = af ((<f>f (/?(™))<^ ) = af ((^/^(n))^*) 

= af (/?(7X7- t (n))) = /9(^7.<7 , - t (n))) = /?(%<(«))) = ^(n)*"" 

So af (<5 ls )5 _IS belongs to (3(Z(N)) and we easily get that there exists a 
strictly positive operator k affiliated with Z(N) such that af (S ls ) = (3(k lst )5' ls . 
Then, we have: 

af o af(m) = af (S- lt af oR (m)S lt ) = f3(k- lst )S- lt af o af oR (m)5 lt (i{k lst ) 

= {3{k- lst )afoaf{ m )(3{k^) 

Take m = 5 lu to get k is affiliated to iV 7 . Apply $ to the previous formula and 
get: 

* of o af(m*m) = $(/3(AT ist )af o af {m*m)(3(k lst )) 

= ^>{af o af (m*m)) = $ o a* (m*m) 

So, by 15.91 and left invariance af oT^o af , there exists a strictly positive op- 
erator q s affiliated with Z(N) such that Qoaf = 3>/3(g s )- By usual arguments, 
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we deduce that there exists a strictly positive q affiliated to Z(N) such that 
$ o erf = and [D$ o erf : D$] s = /?(<T S ). Then, again byEH there 

exists a strictly positive operator h affiliated to Z(N) such that <& = 5? /?(/,) avec 
\DT' : DTi] t — j3{h lt ). □ 

Also, we have a similar result for right invariant operator- valued weight. 

Corollary 5.22. — I/Tr a n.s.f right invariant operator-valued weight such 
that {of p-k a T-t) o r = r o of , v o 7' = v and 707' = 7' o 7, then there 

N 

exists a strictly positive operator h affiliated with Z(N) such that: 

T R = (Ro T L o R) a(h) 

We state results of the section in the following theorems: 

Theorem 5.23. — Let (N, M,a, J3,T,Tl, R,t,v) be a measured quantum 
groupoid. If T' a n.s.f left invariant operator-valued weight such that 
(i~t /3* Q o~f ) o T = r o o~f , 1/07' = v and 707' = 7' o 7, then there 

N 

exists a strictly positive operator h affiliated with Z(N) such that, for all t E K: 

v o oT x o T' = (y o oT x o T L )p( h ) 
We have a similar result for the right invariant operator-valued weights. 

Theorem 5.24. — Let (TV, M,a, f3,T,T L , R,t,v) be a measured quan- 
tum groupoid. Then there exists a strictly positive operator S affiliated 
with M called modulus and then there exists a strictly positive operator 
A affiliated with Z(M) n a{N) n [3{N) called scaling operator such that 

[Dv o a- 1 o T L o R : Dv o a^ 1 o T L ] t = \^S lt for all t E R. 
Moreover, we have, for all s,t E M: 

[Dv o a" 1 oT l ot s : Dvo oT 1 o T L ]t = A~ ist 

[Dv oa^ 1 oT l oRot s : Dv o a^ 1 oT L o R) t = A~ ist 

i) 

[Dv o a" 1 o T L o a v ° a 1qTloR : Dv o a" 1 o T L ] t = X lst 

[Dv o a- 1 o T L o i? o cr^ 1 ^ . Dj/ G a -i oTlQ R y = x -ist 

ii) R(X) = X, R(S) = S- 1 , T t {5) = 6 and r t (A) = A ; 
Hi) S is a group-like element i.e T(S) = S p® a 5. 

N 



6. A density theorem 

In this section, we prove that there are sufficiently enough operators which 
are both bounded under the left-invariant operator- valued weight and the right- 
invariant operator-valued weight. This allows, as a corollary, to found bounded 
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elements for both a and (3 which will be useful for duality. This chapter is 
mostly inspired by chapter 7 of |Eno04j . 

Lemma 6.1. — Let y,z £ Nt r nA/$ and £ £ D((Hy)p, fj,°), then we have: 

*id)(U' H )}*( *id)(U' H ) 
< ||^°(0I| 2 (^a.W p* a id){T{y*y)) 

For all y £ At r fl A/*, z £ M and £ £ D((H\$)p, jjP), then we have: 
R ([{uA*{y),J*z*J*t * ^)(t / H)]*(^A 4 ,fo),J* z -J 4 ,C * id){U' H )) 
<\\R^\0\\ 2 ^J,K,{y) 0* a id)(r(z*z)) 

Proof. — The first inequality comes straightforward from thcorcm l3.52l Then, 
apply i? to get for all z £ Nt r H A/* : 

id)(^)) 

< ||^(OH a ^(wj.A,W * a id)(T(y*y)) 

= ||i?^ (OII 2 (^A. fe) ,s*„id)(r(z**)) 

A" 

Let us assume now that z £ M. Using Kaplansky' s theorem, there exist 
a family Zi in Nt r H A*, weakly converging to z, with \\zi\\ < ||z||. Then we 
infer that R l3,l/ (Jq>z* J*£) is weakly converging to R? v (J 9 z*J 9 £) with: 

\\R^ v \j*z* J*t)\\ < \\Rf>S{Juz*J*Z)\\ 

Therefore (u}a 9 ( v ),j 9Z *j^ * id)(U' H ) is weakly converging to (wa*(v),j**« * 
id)(U' H ) with: 

H(wA*( v ),j*»jj*e I < ll(wA*(!/),j* z *j^*W)(C^r)|| 
which finishes the proof. □ 

Proposition 6.2. — If z £ Nt l , y £ Nt r n A/* and £ e D((Hy)p, n°) then 
{uAv(y),J*z*JvZ * id){U' H ) belongs to JV Ta D JVy . 

Proof. — By the previous lemma and by right left-invariance of $, we have: 

* ({uA*( y ),j*z*j*i * idWHTiukviy^Jvz+Jvt * id)(U' H )) 
= $ o R {[(ua 9 ( v ),j*z*JvS * id ){U' H )\* {u^ {y )^ z * .^t: * id){U' H )) 
< \\Re<»\0\\ 2 "J*A*(y)(id * a $)(r(***)) = \\RP>» (0\\ 2 "J*a*(v)(Tl(z*z)) 
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Also, we have: 

Tr ((WA*( v ),J***J*e * id )( U H)*(UA*(y),J*z*Jut * id){U' H )) 

= RoT L oR([(u A ^ ) ^ z *j^*id)(U' H )]*(u A ^ )> j 9Z * J ^*id)(U' H )) 
< \\R ' V (Oil 2 ( w J*A*( a ) f3* a id)(id p-k a T L )(T(z* z)) 

- II^ ,,,D (0I| 2 (wj.a,(v) td)(T L (z*z) ® a 1)) 
<\\R^°(m 2 \\TL(z*z)\\\\T R (y*y)\\l 

Lemma 6.3. — For all y,z <E Ar H fl A/* and 7/ S D((H^)p, we have: 

* J^?7, J* (2;) 

< l|7W2/)l| 2 K /3*a *d)(T(««*)) 

Proof. — Let us compute: 

#[(<Vj*77,j*a*0) * i^l^llfilKv^.^A^W * ^)(^ir)]* 

= {uAvWtJvy'Jyr, * W)(^ff)(^( z ),J M «J„ * id){U' H )* 

»d)(r(z))» 

A" M 

< ||T fl (y*y)|| 2 K ^ a id)(r(«*)) 



□ 



□ 



Proposition 6.4. — Lei e Af Tn n A/*, 2/2 € A/tr nJV*n A4, z e 
R(T$ T )* defined in proposition \5.17\ and e n the analytic elements associated 
to the Radon-Nikodym derivative S defined in jVaeOlaj . Then the operators 
( w »JA*(wa),J*a*e;A*(y) * id )(U' H ) belong to Mt r n A* n Atx, nA/$. 

Proo/. — Let us write X = (w v «A*(v 2 ),J*ii!'e*A*(2') * id )(U' H ). Since y*y 2 be- 
longs to At h (~lA* and belongs to R(J\fx R )* = Nt l and therefore e n z belongs 
to Nt r , we get, using proposition 16. 2i that X belongs to Mt r H A*. On the 
other hand, since y±,y2, z*e* l z' belong to A/r B fl A/*, we can use lemma |6~B1 to 
get that: 

R(X)R(X)* < ||T B (yfri)||(w JltA . (l/a) ^ zd)(r(z* e ;z'z'*e„z)) 

< ll^(y*yi)llll^l 2 (^j*A*(» 2 ) /3* Q «d)(r(z* e ;e„z)) 

Let us apply Tr to this inequality, we get that: 

T R (R(X)R(X)*) < ||Tfl(tf yi )||||*'|| 2 r B ( Wj . A . (B!0 * a t d)(T(z*e* n e n z)) 
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which is equal, thanks to lemma l5.19[ to: 

With the hypothesis, we get that 5^z5~^ belongs to Mt l an d therefore 
e n z8~^ — (e n <5~2 )$ 2 zS~z belongs also to Mt l - We also get that J^A^{y 2 ) 
belongs to the domain of which proves that R(X)* belongs to Mt r and 
therefore X belongs to Mt l ■ We prove by similar computations that X belongs 
to A/$ . □ 

Theorem 6.5. — The left ideal J\f Ta H A/* n Nt l n A/$ is dense in M and 
A^(7Vt„ nJV* C\Af TL n7V$) is dense in H. 

Proof. — Let y be in Mt r H A/* n A/$ and z in A/t r H A/*. Taking, by 
Kaplansky's theorem, a bounded family e, in Mt r H A/* strongly converg- 
ing to 1, we get that R a,fJ, (e*Ay(y)) is weakly converging to R a ' t2 (A^(y)). 
Taking also a bounded family ft in R(T^ R strongly converging to 1, we 
get that R^^ (J^f*e* n Ay(z)) is weakly converging, when n, k go to infin- 
ity, to RP v (A 9 (z)). Therefore, using the previous proposition, we get that 
( w A*(a),./*A 9 >(z) * id){U' H ) belongs to the weak closure of A/x R HA/"* HA/tz HA/*. 
By proposition 15. 171 we get that, for any x £ Tt Ri ^, there exists t/j in A/"t r H 
A/* fl A/$ such that Ar H (yi) is weakly converging to At r (x) or equivalently 
i?"' M (A*(yi)) is weakly converging to i? Q,AI (A^(x)). Therefore, we get that 
( u A t (i),Ji,A f (z) *id){U' H ) belongs to the weak closure of Mt r flA/* C\Nt l DA/*. 
It remains true for 2 in A/r s H A/* H Ay H A/^> by density. If now x belongs 
to Mt r H and /ij is a bounded family in A/"t h H A/*, since Ar H (/i*i) = 
/ijAj- R (s) is weakly converging to Ar R (x), we finally obtain that, for any x, z 
in Mt r DA/*, the operator (wa 4 >( j/ ),j^a*(z) *id)(U' H ) belongs to the weak closure 
of J\[ Tr HA/* HA/tx, HA/$. By density, for all £ € D( aif, £t) and 77 € £>(-ffa, 
the operator (ui^ iV *id)(U' H ) belongs to the weak closure of A/y^ HA/* nA/rt, flA/$. 
Which proves the density of A/r s H A/* n A/"tz H A/$ in M by theorem 

Let <?„ an increasing sequence of positive elements of M.t r ^M.^(^M.t l nA4$ 
strongly converging to 1. The operators: 

/T f + °° 2 

hn = \j ~ J e * a t{9n) dt 

are in TWth H analytic with respect to and, for any z 6 C, af(h n ) 

is a bounded sequence strongly converging to 1. Let now A = Jq + °°£ cfe t be 

the scaling operator. Let us write h' n — ^J^de^j h n . These operators are in 

Nt r HA/*, analytic with respect to 'J, and, for any z € C, crf(h' n ) is a bounded 
sequence strongly converging to 1. Moreover the operators ft4 belong also to 
A/tz H A/$ by lemma 15.51 and [VaeOlaj . Let now x be in A/* . We get that xh' n 
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belongs to Mt r H A/* n Mt l H A/$ and that: 

is converging to A*(x) which finishes the proof. □ 

Theorem 6.6. — Let 1r R ,^,T L ,9 be the subset of elements x in A/r R H A/$ (~1 
Mt l HA/*, analytic with respect to both $ and ^ , and such that, for all z, z' G C, 
er* o <7*(x) belongs to Nt r HA/* nNr L nA/*#. TTien Tt r ,^,t l ,$> is dense in M 
and A*(7r , R ,*,Tt,*) * s dense in H. 

Proof. — Let i be a positive operator in /Vf Tfl n A4* (~1 A^ D A4$. Let now 
A = J^°t det be the scaling operator and let us define: 

([•71 \ />+oo />+oo 

Ji det )nJ J z~ n{t2W) °t °-t(x) dsdt 

It is not so difficult to see that x n is analytic both with respect to $ and 
By lemma [5751 and thanks to |Vae01aj and |EN96j 10.12, we see that the 
operators o\f(x Tl ) and o~f(x n ) are linear combinations of positive elements in 

M Tr n A4« n Mt l n A4$. □ 

COROLLARY 6.7. — There exist a dense linear subspace E of A$ suc/i i/ia< 
A$(i£) is dense in L 2 (M, $) = and: 

J*A*(.E) c £>( a H,/j,)nD(Hp,v ) 

Proof. — Let E be the linear subspace spanned by the elements of the form e n x 
where e n are the analytic elements associated to the Radon- Nikodym derivative 
8, defined in [VaeOla] . and x belongs to Tt r ,^ ,t l .*- It is clear that E is a subset 
of A/*, dense in M and that A$(£ l ) is dense in H. Since E c A/$ n A/ii) we 
have: 

J<s,A&(E) c £>( a H,n) 
Using [VaeOlaj . we get that: 

J$A$(e n x) = <5~ 3 J^,K^{e n x) 

Since e n x5~^ = (e n 8~^)S^ xS~^ and, by the previous theorem, that 8^x8~^ 
is a bounded operator in A/t r , so is e n a;i5 _ 2 and therefore, we have: 

8~^ J^kq,(e n x) = \i J^Ay(e n x8~^) c J*A*(A* nJVr s ) 



and we get that J$A$(e„a;) belongs to D(Hp,fi°). By linearity, we get the 
result. □ 
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7. Manageability of the fundamental unitary 

In this section, we prove that the fundamental unitary satisfies a propo- 
sition similar to Woronowicz's manag eability of |Wor96j . Following [Eno02j 
(definition 4.1), we define the notion of weakly regular pseudo-multiplicative 
unitary which is interesting by itself but it will be useful for us to get easily 
von Neumann algebra structure on the dual structure. 

Definition 7.1. — We call manageable operator the strictly positive op- 
erator P on H$ such that P*'A$(x) = A 3 A$(r t (a;)), for all x £ A/$ and tel. 

Proposition 7.2. — For all m £ M, n £ N and t £ M, we have: 
P lt mP- lt = T t (m) P u a{n)p- lt = a«(n)) 

P^P(n)p- u = 0«(n)) P u p(n)P- lt = /3«(n)) 

Proof. — Straightforward. □ 

Then, we can define operators P^ /3®a P^ on H$> and P^ 

on H<$> a ®p H$ for all tel. 

Theorem 7.3. — The unitary W satisfies a manageability relation. More ex- 
actly, we have: 

{a u W*a u {q p® a v)\p a ®p w) = {a v oWa v o{J^p a ® p P~ 1/2 v)\Js,q P 1/2 w) 

for all v eV(p-i), to £ V{P?) and p,q G D{ a H^,v) D D{{H 9 ) ^,v°). More- 
over, for all i € R, we have W(P lt ® a P lt ) = {P u a ®~ p P U )W . 

Proof. — Let p, q £ D( a H<s,,v) n D{{H^)^v°). For all v £ Dp 1 / 2 ) and 
w £ X>(L>~ 1/2 ), we know that: 

(I(id*u q ,p)(W)Iv\w) = {{id* Lu p , q ){W)P 1/2 v\P~ 1/2 w) 

for all v £ V{P 1 ^ 2 ) and w £ V{P^ 1 ^ 2 ). By 14.61 we rewrite the formula: 

(a v W* a v {q ^ a v)\p a ®j3 to) = {a v oWa v o{J^p a ®p P~ 1/2 v)\J<s>q P 1/2 w) 

Now, we have to prove W*{P lt a ®& P lt ) = {P lt p® a P lt )W* for all 

t £ 1. First of all, because of the commutation relation between P and (3, 
D{(H<s,)p,v°) is P J *-invariant and if (£i)ieJ 1S a {N° , v°)-ba,sis of (H$)p, then 
{P %t £,i)i£i is also. Let v £ D{{H$,)p,v°) and a £ Nt l H 7V$. We compute: 
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(P lt p® a P u )W*(v a ® /§ A $ (a)) 
= J2 pU & /3®a A^AsMKa * a id)(T(a)))) 
= ^ P **& /»®a A»((wj*t„ iP «6 /3* Q id)(r(A* /2 r t (a)))) 
= W*(P tt u a ®p\ t ' 2 KMa))) = W*(P a a ®pP a ){v Q ® /§ A$(a)) 

□ 

Definition 7.4. — A pseudo-multiplicative unitary W w.r.t a, (3, $ is said to 
be weakly regular if the weakly closed linear span of (A" ,/3 )*Wp^,' a where 
v, w belongs to D( a H, v) is equal to a(N)' . 

Proposition 7.5. — The operator W = a v W*a v from H<$, iJ$ onto 

H<s> a® p is a pseudo-multiplicative unitary over N w.r.t a, /3,f3 which is 
weakly regular in the sense of |Eno02| (definition 4-1)- 

Proof. — By |EV00] . we know that W is a pseudo-multiplicative unitary. We 
also know that < {X^)*Wp^ a >~ W C a(N)'. For all v G T>(P~i), w € V{pi) 
and p, q e D( a Hq,, v) n D((H<s>)q, u°), we have, by theorem 17.31 

({\^)*Wp%' a q\w) = (<7„ Wa u o(J^p a ®0 P- 1/2 v)\J$q ^P 1 / 2 ^) 

v° v 

and on the other hand: 

{R a - v {v)R a > w (j>)*q\w) = {R av {v)J v R^ u "{J^p)*J^q\w) 

= {R a ' v {v)J v h v {< J*g, J$ P >0, v o)\w) 

= {p- l l 2 R a ' v {v)J u K v {< ,hq,.Up>p lJl )\P 1 l 2 w) 

= (P a ^(p- 1 / 2 U )A- 1 / 2 J,A„(< J*q, J*p> fj iJl )\P 1 l 2 w) 

= (i?"- l '(p- 1 / 2 t ;)A,(< J $P , J*g >^ £ )|P 1/2 ™) 

= (a(< J$p, .Uq > j3 vl )P- 1/2 v\P 1 ' 2 w) 

There exists 5 £ H$ ^ a H$ such that a u oWa v o'E — J^p ^ a P~ 1 / 2 v since 
W is onto. By definition, there exists a net (J2k=\ J$Ph P~ x ^v^)i^x 
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which converges to Then ((Y^k=\(^ a ^)*W p^l" q\w))i£i converges to: 
(a v oWa„oE\J 9 q P 1/2 w) = (.Up P~ 1/2 v\,Uq P 1/2 w) 

V 1/1/ 

= (R a ' v (v)R a ' v (p)*q\w) 

Then, we obtain a(N)' =< R a ' u (v)R a ' v (p)* >~ W C< (uj VjP *id)(Wa v o) >- w . 

□ 

8. Duality 

In this section, a dual measured quantum groupoid is constructed thanks 
to modulus and scaling operator. Then, we obtain a bi-duality theorem which 
generalizes Pontryagin duality, locally compact quantum groups duality and 
duality for groupoids. Finally, we get Heisenberg's relations. 

8.1. Dual structure. — 

Definition 8.1. — The weak closure of the linear span of (u^ n * id)(W), 
where £ £ D((H^)p, u°) and r\ £ D( a H<s,, v), is denoted by M. It's a von Neu- 
mann algebra because weak regularity of W (prop. IT.5[) and [Eno02J (proposi- 
tion 3.2). 

Definition 8.2. — We put f the application from M into £(H$ iT$) 

such that, for all x £ M, we have: 

£(x)=a v oW{x fj ® a l)W*a u 

N 

Proposition 8.3. — The 5-uple (N,M,a,/3,£) is a Hopf-bimodule called 
dual Hopf-bimodule. 

Proof. — The proposition comes from theorems 6.2 and 6.3 of jEVOOj applied 
to W = a v W*a v . □ 

Lemma 8.4. — Let call M*' 13 the subspace of M* spanned by the positive and 
normal forms such that there exists k £ R + and both u) o a and u> o (3 are 
dominated by kv. Then, M*' 13 is dense *-subalgebra of M* such that, for all 
m £ M , we have: 

u)fjb(rn) = /tt((w p* a id)(T(m))) and uj* (m) = u> o R(jn*) 
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Proof. — By definition cj/i belongs to M*. There exists £ £ D(Hp,i/°) such 
that w = Wj. For all n £ N, we have: 

w/x(a(n*n)) = /3*a id)(r(a(n*n)))) 

= n((\^°y(a(n*n) ® a l)Af"°) = A*((A^%)*A^ e ) 

= pa(< a(ra)£, a(ra)f >/s,„o) < fcz/(< a(n)£,a(n)£ >/3y0 = fc||a(n)£|| 2 
= few o a(n*n) < k 2 v(n*n) 

Also, we can prove that w/j o /3 is dominated by fc 2 ;/ so that belongs to 
Af"'' 3 . Since R o a = (3, M"^ is *-stable. We have to prove associativity of 
product and that (u)[j,)* = The first property comes from co-associativity 

of co-product and the second one comes from co-involution property. We only 
check the first one because the second proof is very similar computation. Let 
u>,fi,X £ M* and € D(Hp,v°) the corresponding vectors. Then, for 

all m £ M, it is easy to see that: 

(u>n)x(x) = ((r *c id)(T(x))(£ p ® a g p ® a p ® a g p ® a £") 

= ((id * a r)(r(x))(t p ® a £' ® a CM p® a i' a® a O 
= (r((uj i * a id)(r( x )M' 0® a £")\t;' 0® a a") 

= f3*a id)(T(x))) = ui(fj,x)(x) 

Density condition comes from corollary 16 . 71 for example. □ 

Corollary 8.5. — The contractive application tt from M"' 13 to M such that 
tt(lo) = (u> * id)(W) is 1-1 and multiplicative. 

Proof. — The application tt is injective because of theorem 14.21 We prove 
multiplicativity of n for positive linear forms because the general case comes 
then from linearity. Let £,77 £ D( a H,v) n D(Hp,v ), £1 £ D( a H,v) and 
(2 £ D(Hp, v°). By proposition 13.421 of the first part, we know that: 

((w c *t£0(WOK* id) 
is equal to the scalar product of 

a® W)a2v(l 0®a 0®a W)(£ Ci) 

7V° N° N N v v 

by [£ P®a v) a®>0 Then, by pseudo-multiplicativity of W, this equal to: 
((W* a® a 1)(1 

W)(W 0® a 1)(£ 

Cl)IK c,®0(2) 
N° N° N v v v u o 
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= ((1 a ®pW)W{£, p ® a n) ® a Ci\W{£, ® a ri) a ®0(2) 
= ((1 a ® (id*u; CltC2 )(W))W(Z f,® a v)\W(£ ® a r})) 
Since T is implemented by W, this is equal to: 

= (((w C W,)*id)(W)Cl|C2) 

By density of D( a H, v) and D(H ^, v°) in H , we get that tt is multiplicative. □ 

To get a measured quantum groupoid from the dual Hopf-bimodule, we 
have to exhibit, first of all, a co-involution. This is done and the following 
proposition: 

Proposition 8.6. — There exists a unique * -anti- automorphism R of M such 
that, for ailed G M"^ , we have R(n(u))) = tt(ujoR). Moreover R(x) = J$x* J$ 
for all x G M and R is a co-involution. 

Proof. — For all £ G D( a {H<s>),v) and n e D((H^) ,u o ), we have: 

(J*7r(o; o ii)* J*£|?7) = (tt(w o fl) J*^ J*f) = ((w o i? * id)(W)J*»7|.7*f) 
= w o * = * w^,,)(W)) = (7r(w)£|»7) 

So, if we define i? by = J$x*J$ for all x G M, we obtain a *-anti- 

automorphism of M such that, for all u> G M™ , we have R(n(u))) — n(u> o R). 
Uniqueness comes from density of 7?(M"'^) in M. By definition, we have 
R o a = [3. So, we have to check co-involution property to finish the proof. 
For all oj G M"'^ , we compute: 

f(7r(w)) = W^(l a ® /3 {u*id)(W))W = o- l ,oW((u>*id)(W) ® a l)W*a v 

N° N 

= o- v o(uj*id*id){(l q ®a W)(W p® a l)(l p® a W*))a v 

N o N N 

By pseudo-multiplicativity of W, this is equal to: 

o>(w * id* id)((W a ®0 1)(1 W)a 2v {l p® a o- v o))a v 

N° N° N° N 

= (uj * id* id)((l a ®pO- v o)(W 1)(1 W)ff 2l /) 

N° N° N° N° 

Then, we get: 

f o R(n(u)) = t(n(oj o R)) 
= (uoR*id*id)((l a ®pO- v o)(W l)(o> 1)(1 W)a 2v ) 

N° N° N° N° 
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Now, by proposition I4.6[ we know that: W = (I p® a J^)W*(I p® a J$) so 

N N 

that: 

(1 a ®$Ou°)(W a ®pl){(Tv<- 1)(1 a ®pW)(T 2v 

N° N° N° N° 

N" No N° N° N° N N N 

Since R is implemented by / and R is implemented by J$, we have: 
fofl(jr(w)) 

= (R a * R){{lo * id)[(W a ®£ l){a u o 1)(1 W)a 2v {l p® a a v o)\) 

N° N o N o N a N 

= (R u*0 R)o<; N o t(Tt(w)) = S N o o (R pk a R) o L(tt(cj)) 

N° N 

A density argument enables us to conclude. □ 



Then, we have to construct a left-invariant operator-valued weight Tl from 
M to a(N). We follow J. Kustermans and S. Vaes' paper [KVOOJ: we define in 
fact a GNS construction (H, l, A) and we give a core for A. Let introduce the 
space X of uj e M"'^ such that there exists k 6 M + and < fc||A$(x)|| 

for all x € A/$ nNr L - Then, by Riesz' theorem, there exists € i? such 
that: 

u(x*) = (€(w)|A*(a:)) 
Lemma 8.7. — The set {£(cj)| wel} is dense in H . 

Proof. — Let a,6 £ £ define in corollary 16.71 Then WA*(a),A$(6) belongs to 
M, a,/3 and we have, for all x £ A/$ n A/tl : 

wa,(»),a,(6)(z*) = *(&*a;*o) = $(x*aa! i (6*)) = (A«(£«7* i (6*))|A*(a:)) 

so that w A #(a),A*(6) belongs to I and we have £(u>A*(a),A*(&)) = A$(acr* i (6*)) 
which is dense in H. □ 

In the following, for all form o>, we denote by U the form such that uj(x) = 
oj(x*). Observe that uj G M*'^ implies that uj belongs also to M"' 13 . 



PROPOSITION 8.8. — The space 1 is a dense left ideal of M"' 13 such that, for 
all uj £ M"'^ and /i G X, we have: 

£_(ujh) = 7T(w)£(/i) 

Proof. — If £,?7 belong to D{ a H, v) H £>(#/3, then w^,, belongs to Mr ,/3 . 
Moreover, if 77 belongs also to DQd-ff*, <&) = J$A$(A/$), then we have: 

k*0OI = |(M|<||^|||H|<fc||^||||A $ (x)|| 
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so that, by corollary 16. 7\ we can deduce that X is dense in M* and therefore 
in M*. Now, for all x £ A/$ fl A/t l > we have: 

w^(x*) = ^((w ^ id)F(x*)) = p(((ZJ -k a id)T(x))*) 

= (£(M)|A*((U ^ a id)r(a;))) = (£Oi)|(57*id)(W*)A*(aO) 

- ((w*td)(W)£(/i)|A«C«0) 
so that the proposition holds. □ 

Definition 8.9. — For all t G R and w e M„ we define elements of M* such 
that, for all x £ M: 

r t *(w)(w) = u>oT t (x), 5%(w)(x) = uj(S lt x), and p t (uj)(x) = oj(5~ U T- t [x)) 

Proposition 8.10. — The applications t*,8* and p define strongly continu- 
ous one-parameter groups of *- automorphisms of M* . Moreover, they leave 
X stable and, for all t £ R and u> £ X, we have: 

£(r t ») = A-*P-«£(u;), £(<5 t ») - A' J$<T lt 

and £(p t (uj)) = P u J*8 u J^{tu) 

Proof. — Since T t {8) — 8, it is easy to see that t* and 8* commute with each 
other and, for all t £ R, we have pt = T^ t o8*_ t so that the last statement comes 
from the two first one. Since r is implemented by P, r* defines a strongly 
continuous one-parameter representation of M*. It is the same for 8*. If w 
belongs to M" ,/3 , then there exists k £ R+ such that, for all t £ R, we have: 

r t * (uS) o a = lo o n o a = w o a o a" < kv o g\ = kv 

Moreover, there exists £ G D( a H, v) fl D(H@, such that w = and, for all 
teR and n £ N, we have: 

<5 t (w)(a(n*n)) = (<f*a(n*n)£|£) = (a(n)£|a(n)<T rf 

= (a(n)£|r«a(7t°?(n)0) 

so that we get: 

|^(o;)(a(n*n))| < fc||A„(n)|| 2 = kv{n*n) 

A similar proof with j3 allows us to deduce that t* , 8* and p belongs to M*'^ 
as soon as u belongs to M"'' 9 . It is also straightforward to check that r t * is a *- 
automorphism of M*' 13 thanks to To r f = (r t p* a r t ) o T and the commutation 

N 

between r and R. Also, it is also straightforward to check that 8% is a *- 
automorphism of M"'' 3 thanks to T(S) = 8 p® a 8 and R(8) = 8~ x . Finally, 

N 
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for all x <G A/$ n Nt l , we have, on one hand: 

T t (oj)(x*) = w{T t {x*)) = OJ O T t (x*) = (Z(uj)\A*(T t (x))) 

= (aco)\\^P lt Az(x)) = (\^p- lt ^)\A„(x)) 
and on the other hand: 

M^i'l^f^")') - KMIAaOrr")) 

= {Z(u))\J< s ,5- it J< s> \%A< s ,(x)) = (A5 J$^*J^(w)|A$(a;)) 

That finishes the proof. □ 

Proposition 8.11. — TTiere exists unique strongly continuous one-parameter 
groups t , k cmd <r o/ *- automorphisms of M such that, for all t e M cmd cj G 
M" we have: 

? t {n(u)) = 7f(r* t (w)), K t (7f(w)) = 7f(51 t (w)) and CT t (7r(w)) = n(p t (u))) 
Moreover, for allteR and x e M, the following properties hold: 

- T t {x) = P U xP' lt , K t ( X ) = J^5 U J^xJ^ lt J^ 

and a t (x) = P li 3^b lt J^xJ^6~ u J^P~ lt 

- t, k and a commute with each other. Also r and R do. 

- k o a — a and t o a = ao a\ = a o a 

- (n p*a ?()°r = Tort, (id p-k a Kt)oT = Tokj and (rj -k a a t )oT = Toa t 

N N N 

Proof. — By definition, we have a = tok = kotso that we just have to do 
the proof for r and k. For all ui € M" : ^ and t € M, we compute the values 
of P rt 7r(u>)P -4 * and J$<5 4 * J$7r(w) J<$,5~ lt J<j>. Let /j, G X. Since 7r(o>) belongs to 
f3(N)' , we have on one hand: 

P^MP-^m) = P^HA^r^)) = AiP*^(o;r t *(/i)) 
= ^Ha*) = 7r(r* t H)^) 

and on the other hand: 

J»5 i *J*7r(w)J*<5- i *J*C(/i) = J^J^tt^X^-^s;^)) 

= £(6*_ t (w)ii) = 7r(5* t (o;))£(/x) 

So, if we define % by Tt(x) = P lt xP~ %t and K t by = J$<5 J * J$x Jq>5~ lt J$, 

then we get strongly continuous *-automorphism of M satisfying the first prop- 
erty By definition, f is implemented by P and R by J$. Since P and J$ com- 
mute with each other, so f and i? do. Now, f and r coincide on a(iV) C MC\M 
because they are both implemented by P. Also f coincide with id on M C\ M 
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by definition. By the way, we can give a meaning for formulas of the fourth 
point. Thanks to manageability of W, we have, for alH £ K and x G M: 

f(? t (x)) = a v W{P u xP- u p ® a l)W*a v 

N 

= {P lt $ ®a P lt )o v W{x ® a l)W*a v (P~ u ® a P~ u ) 

N N N 

= (n p* a T t )f(x) 

N 

Finally since the left leg of W leaves in M, we have: 
f(2 t {x)) = G v W{J^ lt J^xJ^5~ u J$ ® a l)W*a v 

N 

= (1 p® a J^,S lt J^)a u W(x f3® a l)W*a v (l 0® a J<5,5~ lt J$) 

N N N 

= (id ~ p * a n t )f(x) 

N 

□ 

Lemma 8.12. — We have (uiR * id)(W*) = (t*_ i/2 (lo) * id)(W) for all lu <G 

Proof. — We know that (id* n){W) belongs to V(S) and that S((id* n)(W) = 
(id * n)(W*). So (id * fi)(W) belongs to V(t_ i/2 ) and r_ l/2 ((id * fi)(W)) = 
R((id * fi)(W*)). By applying w to the previous equation, we easily get the 
result. □ 

Since ^ = $ o R 7 there exists an anti-unitary J from onto H$, such that 
JAy(x) = A$(R(x*)) for all x e Af* H N Tr - 

Proposition 8.13. — For all u e 1 and fi e P>(p i j 2 ), up, belongs to I and 
we have: 

Proof. — For all n € N, we put e n = ^= J cxp(—n 2 t 2 )S' lt dt so that e„is analytic 

with respect to cr*, 7V$e„ c A/$ and A/$5 _ ^e„ C TV*. It is sufficient to prove 
the proposition for all p G ©(r*^^^). Then, since <5 is a co-character, we 
can compute, for all x £ A/$: 

A$((id /J)r(are„)) = A^((id p* a p)T(xe n )5^^) 

= A* ((id fj * a Ji)T(xe n S-^)(l p® a 5~^)) 

v N 
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The computation goes on as follow: 

A*((id * a -p)T(xe n )) = A* ((id £* i/2 

= J*A*{R{{id * a 6*_ i/2 (fi))T((xS-ie n y))) 

= J*A*((6*_ i/2 (p) o R * a id)T(R(xS-h n )*)) 

= J*{S*_ i/2 {p) o R * id){W*)A*(R{x6-h n )*)) 
= J* (fi)° R* id) {W*)JA* (xS- h n )) 

= J*(T*_ i/2 5*_ i/2 (fi) * id)(W)JA*(xe n )) = J*(p i/2 (ii) * id){W)Jk*(xe n )) 
Now, we have: 

(up)((xe n )*) = {to f}* a p)T((xe n )*) = u>((id ^ a p)T((xe n )*)) 

V V 

= (f(w)|A*((id f}-k a Ji)T{xe n ))) = (^(uj)\J*Tr(p i/2 (p))JA^(xe n )) 

= (J*Tr( Pi/2 (n)yjli(u>)\Az(xe n )) 

Since (xe„)„ £ N is converging to x and (A$(xe„))„ £ N is converging to A$(x), 
we finally have: 

(cjp)(x*) = (J*n(p i/2 (p,))*JZ(Lj)\A*(x)) 
so that up e I and £(u>p) — J*^{pi/2{p))* <^£( w )- □ 

COROLLARY 8.14. — There exists a unique closed densely defined operator A 
from T>(A) c M to such that n(T) is a core for A and A(jt(u>)) = £(u>) for 
all ui e I. 

Proof. — Let (uj n ) n eN be a sequence of X and let w € H$ such that (n(u) n )) ne n 
is converging to and ((„)„gN is converging to w. If /x belongs to V{pi/ 2 ) fll, 
then we have, by the previous proposition, for all neff: 

7r(w n )£(/z) = J*n(p i/2 (p))*J£((j n ) 

Take the limit to get that = J*n(p i / 2 (p))* Jw. Since it is easy to check 
that Pi/2iP{Pi/2) H I) is dense in I we get that w = 0. So the formula of 
the proposition defines a closable operator and its closure satisfy all expected 
conditions. □ 

Theorem 8.15. — There exists a unique normal semi-finite faithful weight 
T L : M — > a(N) such that the normal semi- finite faithful weight $ = vooT x oT L 
admits (H,i,A) as GNS construction. Moreover, a is the modular group o/<£>, 
the closure of PJ$<5J$ (P and J$<5J$ commute with each other) coincide with 

the modular operator o/$ and af L 0(n)) = /3(7_t(n)) for all t e M and n G N. 
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Proof. — Since n is a multiplicative application and since X is a left ideal of 
! , xy belongs to n(X) for all x G w(M^' a ) and y G n(l) so, by definition, 
we have A(xy) — xA(y). Using the closeness of A, we show that 'D(A) is a left 
ideal of M and A(xy) = xA(y) for all x G M and y G V(A). 

By proposition lS.lll a t (x) belongs to T>(A) for all x G 7?(Z) and (el and 
A(tT t (a;)) = P tt J^S tt J^>A(x). Using again the closeness of A, we get that d t {x) 
belongs to T>(A) for all x G T>{A) and t GM. and we have: 

A(a t (x)) = P** J 5 u J 4 A>) 

By proposition l8.131 for all ui G V(pi/2) and x G tt(T), xtt(uj) belongs to T>(A) 
and we have A(a;7r(w)) = J*w(p i/2 (uj))*JA(x) = J*a i/2 (n(p i/2 )))*JA(x). 
Since 7r(2?(/9i/2)) is dense in T>(ai/ 2 ) and cr-invariant, 7? (2?(p i / 2 )) is a core for 
(j. The closeness of A allows us to conclude that xy belongs to T>(A) for all 
x G V (A) and y G £>(c?i/2) and we have: 

A(xy) = J*a i/2 (y)*JA(x) 

Therefore we know, by proposition 5.14 of Kus97j, that there exists a normal 
semi-finite weight $ on M such that (H, l, A) is a GNS construction for $ and 
a is the modular group of Moreover, thanks to the previous equation, we 
have: 

A(xy) = J*a i/2 (y)*JA(x) 

for all x G A/j and y G P>{<Ji/2) H A/g. We easily get faithfulness of $ from this 
last relation. We already know that a(AT) C M n M and, by proposition 18.111 
we have, for all n E N: 

By Haagerup's existence theorem, we get the normal semi-finite faithful weight 
$. Finally, we check the last property. For all n G N and t G R, we have: 

of0(n)) = P lt J<t>S lt a(n*)6- u .UP- lt = P lt J*a{l-tO-t{n*)) J*P _it 
= P^T-^Ct^P-^ = /3( 7 -t(n)) 
because 7 and er 1 ' commute with each other. □ 

Lemma 8.16. — For all x G J\ff~ flA/^, A(x) belongs to D(Hp,v°) and we 
have RP' U " (A(x)) = A^(i). 

Proof. — By definition and implement the same operator on a(N) C 
M n M so that Jja(n*)Jj = /3(n) for all n £ N. Then the lemma is a 
consequence of proposition 13.61 □ 
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Lemma 8.17. — For all£ £ D((H^)^v ), allrje D((H^)^^ )r]D( a H^ 7 iy ) 
and all x e A/^ nJV^, (w^^ *^)(r(x)) belongs to A/^ nA/^ and we /icwe: 

A((w Vt £ $ ® a id)(t(x))) = (id*Lu n ^){W)k(x) 

Proof. — Thanks to the pentagonal relation, we can compute for all wel: 
id)(T(ft(u))) = (uj vX ^ a id)(T((w * id){W))) 

V V 

id)(o-„°W((uj * id)(W) p® a l)W*a u ) 
v N 

= (w*id*W,,e)((l a ®gW)(W ^ a l)(l fj® a W*)) 
N o N N 

= (uj* u> Vi £ * id)((W l){(J v o a (g)p 1)(1 W)a 2v (l i3® a o- u o)) 

No N o N o N 

= ft ([id * uo v .{){W)uo) 
Then, by definition, (w v ,i p®a id)(T(ft(w))) belongs to A/4 nA/^r for all w e X 

V 

and we have: 

A((w, i4 »d)(f(7r(w)))) = (irf* WT ,^)(VK)A(7r(w)) 

Closeness of A finishes the proof. □ 
Proposition 8.18. — TTie operator-valued weight Tl is left invariant. 

Proof. — Let (&) ie i be a (AT°, i/>)-basis of (-ff*)^. For all igA^H A/jr- and 
rj G D((H^)z, v°) n D( a H^, v), we have: 

j9 *„id)(f(a;*a;))) = 5^$((w I ,, £l ^ id)(f (*))* ( id)(r(«))) 

= ^ ||A(Kfc ^ id)(f (x))|| 2 = 2 ||(id* w ,, £l )(W)A(x)|| 2 
iei " iei 

= ft" A(x)\A(x)) = \\A(x) ® a v\\ 2 

= (a(< A(x),A(a;) ijfo) = (Tl(x* x)r]\r)) 

□ 

To have a measured quantum groupoid, we need to check a relation between 
the co-involution R and T. By the way, it will give a link between the two 
natural GNS constructions of $5 = * = <f> o R. We put S% , Jj and A j to be 
the fundamental objects associated to <& by the Tomita's theory in the GNS 
construction (H,l,A). 
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Definition 8.19. — We put X" the subset of X consisting of elements of the 
form wa#(o),a*(6) wncrc «> b belong to E. 

Lemma 8.20. — We have that 7?(X") is a core for A and A(n(l$)) is a core 
for S$ and for A| for all z e C. 

Proof. — This lemma comes from standard arguments and by definition of 
A. □ 

Proposition 8.21. — For all x e E, we have A$(x) belongs to V(S~) and 
we have: 

S* $ A< s> (x)=A< s> (S- 1 (xy) 
Moreover A$ (E) is a core for S~ . 

Proof. Let u e J". For all fi e M?'&, we have: 
/i(7r(w)*)=/i((w*id)(W)*) =ZJ((irf* A1 )(T^*)) =cJo5'((id* J u)(VK)) 

= cj* o ((id * /i)(W)) = o r_| * id)(W)) = n(n(uj* o r _ i )) 

Then, we have: 

(S $ A(7r(o;))|A*) = (A(tt(o;)*)|A») = (A(t?(u,* o M )|A*)) = ° r_*)|A*) 

= W *ot_,(x*)=,(S-i(x)) = (A^S-^nKM) = (A $ (5" 1 ( a; )*)|A(7r(a;))) 

Thus the previous lemma and the fact that £(wA 4 (a),A#(&)) = A$(acr* i (6*)) 
implies the proposition. □ 

PROPOSITION 8.22. — For a// x e Nt r HA/*, we have: 

J$A* 4 (x) = A*(fl(x*)) 

Proof. — Define the anti-unitary J oi H such that ,7A$ 5 (x) = A$(i?(x*)) 
for all x G A/tr H A/*. Let a belongs to E. For all n e N, we put e„ = 
fexp(—n 2 t 2 )5 lt dt so that e„ is analytic with respect to er*, A/$e„ C A/$ 

and Af$6~ie n c A/"*. Since t s (J) = <5, we see that r s (e n ) = e„ for all s E R, 
hence e„ e f( r i) an d T ±i e n) — e„. By assumption a belongs to V (t±) so that 

ae„ belongs to X>(t^) and 7|(ae„) = Ti(a)e n . Hence r^(ae n )S^ is a bounded 
operator and its closure is equal to Tj_(a)(5^e n ). We recall that n t (x) is equal, 
by definition, to T t {m)5 lt for all t € R and to G M. Then ae„ belongs to V{k,0 
and k. (ae„) = T^(a){5^e n ). By assumption, r« belongs to A/* C\Nt r - So wc 
see that kw (ae„)o~~5 is bounded and its closure equals ri(a)e„ € A* nAfr B 
implying that ku (ae n ) G A/$ C\ Nt l and: 

A*(k± (ae n )) = A$ 4 (/Ci(ae n )5~5) = A $<5 (t ± (a)e„) 
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By definition, we have A~A$(a;) = A$(/«t(x)), we easily get that A$(ae„) 

belongs to V (A^ 2 ) and: 

_ i 

Aj 2 A$(ae„) = A$(/C|(ae„)) = A$ 4 (r±(a)e n ) 
By closedness of A~ 2 , this implies that A$(a) belongs to T>(A~ 2 ) and: 

A ? 5 A$ ( a )=A $6 (T,(a)) 

Consequently, we have: 

jAZ*A*(a) = JA^m(a)) = A*(^ 1 (a)*) = S£A*(a) = J 8 Al 4 A*(a) 

_ j_ 

Since A$(E) is a core for A^ 2 = Jj5i, we have done. □ 

Finally, we have to recognize what is W. 

Proposition 8.23. — The unitary a u W*a u is the fundamental unitary asso- 
ciated with the dual Hopf-bimodule structure. 

Proof. — The fundamental unitary associated with the dual quantum groupoid 
is denoted by W. By definition of W and lemma 18.171 we have for all £ G 
D{ a H^,u) n D((H^)^v°), n G D((H<s,)p,v°) and x G A/"$nA/~: 

(u)^ v * id)(W*)A(x) = A((ui£ id)(T(x))) 

— (id * uj^ iV )(W)A(x) — (u)£ lV * id) (a v oW 'a „°)A(x) 

from which we easily deduce that W = a v W* o v . □ 

Theorem 8.24. — (N, M, a, f3, T, Tl, R, f, v) is a measured quantum groupoid 
called dual quantum groupoid of (N, M, a, /3, T, Tl, R, t, v). Fundamental 
objects of the dual quantum groupoid (N,M,a, $,T, R,Tl,t,u) are given, for 
all x G M and t£ K, by: 

i) W = a v W*a v is the fundamental unitary, 

ii) R(x) — J$x* J$ is the unitary antipode and Tt(x) = P lt xP~ lt is the 
scaling group, 

Hi) A = A -1 is the scaling operator and the closure of P~ 1 J^SJ^8~ 1 A'^ > 1 
is the modulus S, 

iv) P — P is the manipulation operator, 

v) in the GNS construction (H,i,A), the modular operator Aj is the 
closure of and the modular conjugation satisfies JjA$ 5 (x) = 

A$(R(x*)) for all x G M Tr n A/* . 
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Proof. — By proposition 18.31 (JV, M, a, /§, T) is a Hopf-bimodulc. By theo- 
rem [8TT51 it admits a normal semi-finite faithful left-invariant operator- valued 
weight Tl . By proposition 18 . 61 R is a co-involution for this structure and, 
by definition, we have R(tt(oj)) = tt(uj o R) for all u> € M" :/3 . Since = J 
implement R on M and since — W — a v W*a v , we get i?((i<i * wj $ ^ !U) )(W)) = 
(id * uj#w,v){W). By proposition lS.lll f is a scaling group. We just have to 
check that the one-parameter group of automorphisms 7 of N leaves v invari- 
ant. However, we have already noticed, in theorem 18. 151 that we have jt = 7_t 
for all t G M. By hypothesis over 7, we have done. 

By proposition 18 . 101 and by definition of r, 7?(T) is stable under f t (€l and 
we have, for all wel: 

A(? t (7?(u;))) = A(9(u o T -t)) = £(w o r_ t ) = A*P"A(irH) 

Now, by closeness of A, we get that P i( A(x) = A _ ^A(r t (a;)) for all a; e A/^fWg 
and (eR. From this and from lemma [5751 we get that: 

and P u A(x) = A*X(r*(a;)) = P l *A(x) 

□ 

The whole picture is not completely drawn yet because the value of <5 is 
missing. For this, we need the bi-duality theorem. The expression will finally 
be given in 18.261 

8.2. Bi-duality theorem. — In this section, we compute fundamentals 
objects of the dual structure. Also, we can construct the bi-dual quantum 
groupoid that is the dual quantum groupoid of the dual quantum groupoid 
and we establish a bi-duality theorem. 

Theorem 8.25. — The measured quantum groupoid (N, M, a, /3,T,Tl, R,t, v) 
and its bi-dual (JV, M, a, /3, T, Tl, R, t, v) coincide. Moreover, we have A = A$. 

Proof. — We know that Jg = J. Then, on a(N) C M n M, we have: 

(3(n) = J s a(n)* J s = Ja(n)*J = R(a(n)) = /3(n) 
By proposition I8.23[ we have: 

W = o v W*o v = W 

so that we deduce that the Hopf-bimodule and its bi-dual coincide. We denote 
by n(cj) = (u* id)(W) = (id * uj){W*) for all uj E M?'&. By definition of R 
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and R, we have for all £, rj € D( a H, u): 

R{{id * uj.t, v )(W)) = fl(#(wj.£,„)) = o i?) 

so that R = R. Let ui E X. On note a = 7r(w). Then, for all G I, we have: 
w(7r(0)*) = w((0 * id) W) = w((6 * td)(W*)) = ©((id * w)(W*)) 



= 0(a*) = ($(e)|A«(o)) = (A«(o)|A(7r(e))) 

Since 7r(X) is a core for A, this implies u(x*) — (A$(a)|A(ar)) for all a; € A/j. By 

definition of A, we get A(tt(uj)) = A$(a) = A*(7r(w)). Since 7?(X) is a core for 

A and by closeness of A$ we have A(y) = A$(y) for all y € A/j. In particular 

Tj, =Tl- Finally, we have to compute r. For example, we can use proposition 
I5T5I to get for all t G M: 

ro? t =fo? t = (af * a a*f) o f = (a? * a a% R ) ° T = T o r 

and we can conclude by injectivity of T. □ 

PROPOSITION 8.26. — For all t eR, we have: 

S lt = p-HjtS-HJvS-HAj 1 

Proof. — By theorem 18.241 we know that A~ = P lt J$8 lt J$, so that we get, 
thanks to the bi-duality theorem that: 

gU = p-it JjA « J$ = p-it J s A i4 J s 

From the previous proposition, it is easy to check on A$ 6 (x) that JjAJj 
coincide with the modular operator of \& in the GNS construction (H,i,A$ s ). 
Now, by proposition 2.5 of [VaeOla , this last modular operator is equal to the 
closure of J<j,5 _1 J$(5A$ so that we get the result. □ 

Remark 8.27. — From this last expression of 6, we can directly verify the 
following properties which should be satisfied by duality, for all x G M and 

s,t G R: 

af(6 lt ) = \ tst 6 lt , af oR {x)=S u af(x)S~ lt and T(S U ) = 6 U $ ® a S lt 

V 

Theorem 8.28. — The following properties and their dual hold: 

- r t (m) = A-mA- 1 * and R(m) = Jjm* Jj for all t € R and m € M 



- W(A $ p ® a A*) = (A $ Q ^ A$)VF 
and W(J^ a ®p J$) = (Jj 00a, J$)W* 
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- A|A^ S = A ls *Af Ag ; A^ ls = \ ist 5 is A% and Af6 ts =S is Af 

- J^J<s> = Xi J$ Jg, J$PJ$ = P^ 1 and Jg^Jj = <5 _1 
_ pfc> A « = A^P ls and P ls 8% = 5^P ls 

Proof. — Since 5 is affiliated to M, J$<5J$ is affiliated to M' so that, for all 
t€R and m € M, we fiave: 

A|mA $ lt = P lt ,US lt .Um,U5- lt J< s> p- tt = P lt mP- lt = r t (m) 

We have already noticed that R is implemented by Jj by definition of $ but 
we can recover this point thanks to the bi-duality theorem and the fact that, by 
definition, R is implemented by J$. Now, since we have R((id* U£,Jn,n)(W)) — 
(id*Lu v , j^^)(W) for all £, r\ G D( a H, v), we easily get the second equality of the 
second point from the first point. Also, we know that T t ((id * w^.j s ^)(W)) = 
(id * WAjf£,Ajf J^K^O f° r all t € M from which and from the first point we get 
the first equality of the second point. Since r and a commute each other, it is 
easy to check on A$(x) the first equality of the last point. Since t(S) = 5, wc 
get the last equality of the last point. The last equality of the third point comes 
from the fact that r is implemented by Aj and that t(S) = S. By proposition 
5.2 of |Vae01aj . we have af (5 1S ) = \ %st 8 lt so that we get the second equality of 
the third point. Then, for all s,t £ R, we have: 
A g A to = pitj^itj^Aig = P lt J*5 lt A^,U 

= P it J 9 \- ist A^S it J^ = \ tst A l iP u J^8 u J^ = A ist A£Ag 

As far as the fourth point is concerned, the last equality comes from the fact 
that R is implemented by Jj and R(S) = S^ 1 . The second one can be directly 
checked on A$(x). Let us prove the first equality. Let x belongs to A/*n2?(erf ). 

2 

Then, it is easy to see that R(x*) belongs to 7V$ D X>(crf ). Remembering that 

2 

the modular conjugation of ^ = <&s associated with the GNS construction 
[H, l, A$ 5 ) is equal to A^ by proposition 2.5 of [VaeOlaj . we get: 

J 5 J$A $5 (x) = AijjAi J$A$ 5 (x) = A* JjA^ct*. (as*)) = AU*(i? o a|(x)) 
= A*A<&(cr*«(.fl(a;*)*) = A* J $ A$(ii(x*)) = A^ J$JjA$ 5 (x) 

2 

□ 

8.3. Heisenberg's relations. — We recall that a(N) U /3(N) C M c /3(A)' 
and a(AT) U /3(A) C M C /3(A)' in £(#). 

PROPOSITION 8.29. — For all x e M' and y e M', we ftave: 
FV"(x ^Oq, y) = (x y)W 

AT" jvo 

Proof. — Straightforward by proposition 13.231 and by definition of M. □ 
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Proposition 8.30. — The following equalities hold: 

i) MnM = a(N) ii) M'nM = p(N) 

Hi) MnM'— p(N) iv) M' nM'= J m p{N)J m 

Proof. — We start to prove i). We already know that M n M D P(N). In the 
other way, let m € M D M . Then, we have by the previous proposition and the 
unitarity of W: 

T(m) = W*(l a ®p m)W = W*W(1 p® a m) = l p® a m 

N o N N 

so that m belongs to P(N) by proposition 19.291 Apply R to get hi) and then 
apply R to get iv). Finally apply R to i) to get ii). □ 



PART II 
EXAMPLES 



In this part, we present a variety of measured quantum groupoids. First of 
all, we are interested in the so-called adapted measured quantum groupoids. 
These are a class of measured quantum groupoids with much less complicated 
axioms because we are able to construct the antipode. The axiomatic is inspired 
by J. Kustermans and S. Vaes' locally quantum groups with a weak condition on 
the basis. That is what we develop first. We also characterize adapted measured 
quantum groupoids and their dual among measured quantum groupoids. Then, 
we give different examples of adapted measured quantum groupoids and, in 
particular, the case of groupoids and quantum groups. In a second time, we 
investigate inclusions of von Neumann algebras of depth 2 which can be seen as 
measured quantum groupoids but they are not in general of adapted measured 
quantum groupoids' type. Finally, we explain how to produce new examples 
from well known measured quantum groupoids thanks to simple operations. 

We want to lay stress on a fact: historically speaking, the notion of adapted 
measured quantum groupoid was the first one we introduce. The main interest 
of the structure is the rather quite simple axioms. So it is easier to find examples 
(see sections ITUI [TT][l21 IT5|) . But we discovered examples of quantum space 
quantum groupoid (section [14]) and pairs quantum groupoid (section ll5[) duals 
of which are not adapted measured quantum groupoid anymore that is we have 
not a dual structure within category of adapted measured quantum groupoid. 
Moreover this category do not cover all inclusions of von Neumann algebras 
(section [TBI) . That's why we introduce a larger category the now so-called 
measured quantum groupoid which answer all the problems. 
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9. Adapted measured quantum groupoids 

In this section, we introduce a new natural hypothesis which gives a link 
between the right (resp. left) invariant operator-valued weight and the (resp. 
anti-) representation of the basis. 

9.1. Definitions. — 

Definition 9.1. — We say that a n.s.f operator-valued weight Tl from M to 
a(N) is /3-adapted if there exists a n.s.f weight vl on N such that: 

a^(/?(n))=/3(a-(n)) 

for all n £ N and tel. We also say that Tl is /3-adapted w.r.t vl- 

We say that a n.s.f operator-valued weight Tr from M to (3(N) is a-adapted 
if there exists a n.s.f weight vr on N such that: 

aj-(a(n))=a(a^(n)) 

for all n € N and fgR. We also say that Tr is a-adapted w.r.t vr. 

Definition 9.2. — A Hopf bimodule (N,M,a,/3,T) with left (resp. right) 
invariant n.s.f operator-valued weight Tl (resp. Tr) from M to a(N) (resp. 
f3(N)) is said to be a adapted measured quantum groupoid if there exists 
a n.s.f weight v on iV such that is /3-adapted w.r.t v and is a-adapted 
w.r.t v. Then, we denote by (N, M, a, [3, F, v, Tl, Tr) the adapted measured 
quantum groupoid and we say that v is quasi- invariant. 

Remark 9.3. — If a n.s.f operator- valued weight Tl from M to a(N) is j3- 
adapted w.r.t v and if R is a co-involution of M, then the n.s.f operator-valued 
weight RoTl o R from M to [3(N) is a-adapted w.r.t the same weight v. 

Lemma 9.4. — If fj, is a n.s.f weight on N and if an operator-valued weight Tl 
is (3-adapted w.r.t v, then there exists an operator-valued weight from M to 
/3(N), which is a-adapted w.r.t \i such that [io oT 1 oTl = v o f3~ 1 oS^ . Also, if 
X is a n.s.f weight on N and if an operator- valued weight Tr is a-adapted w.r.t 
v, then there exists an operator-valued weight S x from M to a(N) normal, 
which is (3-adapted w.r.t \ such that \ ° /3" 1 ° Tr = v o /3 _1 o S x . 

Proof. — For all n e N and t e R, we have a ^ oa ~ loT ^ (/?(„)) = a v t °^ x (f3(n)). 
By Haagerup's theorem, we obtain the existence of 5 P which is clearly adapted. 
The second part of the lemma is very similar. □ 

Let (N,M,a, [3,T,i>,Tl,Tr) be a adapted measured quantum groupoid. 
Then the opposite adapted measured quantum groupoid is {N°, M, (3, a, qv 
T,v°,Tr,T l ). We put: 

$ = v o a -1 o T L and * = i/o^ 1 oT s 
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We also put S u — Sl and S v = Sr. Bv 13.61 and 13.81 we have: 

A*(7i jSt ) Q J$A $ (A^nAA s J C D(( J ff$)^,^) 
and we have R?' v (J$A$(a)) = J<$,ks L {a)J v for all a 6 A/$ n A/s^. 

9.2. Antipode. — Then we construct a closed antipode with polar decom- 
position which leads to a co-involution and a one-parameter group of automor- 
phisms of M called scaling group. 

9.2.1. The operator G. — We construct now an closed unbounded operator 
on iJ$ with polar decomposition which gives needed elements to construct the 
antipode. We have the following lemmas: 

Lemma 9.5. — For all A e C, x e T>(a^ x ) and G A&(T& t T L ), we have: 

a(x)A* C A*a« A (*)) 
(2) R a '"(AiOA* C A$JZ°""(£) 

and < A (< A*£,£' =< £,A^' 

and: 



^(i)AHA^fe(x)) 
(3) i?^°(A^)A^ c A^"°(0 

andaU< A^,? >*,„.) =< £,A&' ■ 
Proof. — Straightforward. □ 

Then, by [Sau86| and proposition 12.131 we can define a closed operator 
A$ a ®p A^, which naturally acts on elementary tensor products for all A G C. 

Moreover, for all n € AT, we have J$a(n) = /3(n*)J$, so that we can define a 
unitary anti-linear operator: 

such that the adjoint is J$ J$. Also, by composition, it is possible to 

define a natural closed anti-linear operator: 

*S<E> a® jj : a®>0 H<fr — > H$ 0®> a 
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In the same way, if F$ = S$, then it is possible to define a natural closed 
anti-linear operator: F$ ^(g) a F$ : iJ$ — > q,®^ H$ and we have: 

(S<s> a ®p 5$)* = F$ ^(8a -F* 

Lemma 9.6. — for a// c G (AZ$ n A%)*(A/* n A/tr), e € JV$ n AZr^ arid 
aZZ neZ (&k)keK of elements of A/* fl A/r H weakly converging to 1, iZien 

(^A.Ce*))^ 1 /3®« J * eJ *) c/ ff*PAf(c*) conwe^ *° (A^ (o) )*Z7^./>5;A,( e ) OT 
i/ie weafc topology. 

Proof. — Bv l3.16i we have, for all k G K: 

v 

This computation implies the lemma. □ 

Lemma 9.7. — If c e (A/* n A/t l )*(A/* n A/tr), e G A4 n AZr L , i/ e -ff*, 
t> G iJ* and a neZ (eu)keK o/AZ* C\Nt r converges weakly to 1, then the net: 

((Uh*(v a ®p A*(c*))| J*A*(e fc ) p<g) a J<t.e*J<s>v)) k £K 

yO V 

converges to (»7|(p./ 4 ,A s (e))*C / ^(A*(c) a <8,3 u)). 

Proof. — It's a re-formulation of the previous lemma. □ 

Proposition 9.8. — Lei ^ a {N,v)-basis of a H, S g if* ,3®a if, 

u G D( a H, v), c G (A/$ nA/r I ,)*(A/<p nA/"r R ), Zi G AZ$nA/rt and e oe an element 
of A/"$ n 7V Tl n A/*| n A/£ . TZien, we Zia?je: 



lim^fa ^ Zi*(A^f A#(efc) )*C/^((p^ a )*S a ® 3 A#(c*))|u a®^ J*A»(e*)) 
ezisis and is egwaZ Zo ((p^ Q )*S|(p^ Q Aiii( . e:) )*Z7^ (A*(c) a ®/3 A$(ft))). 
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Proof. — By 13.211 and 13.221 we can compute, for all i £ I and k £ K: 

(Vi a ®0h*(\^ M yu H9 (O% a )*E a ® $ A*(c*))\u a®^ J,A.(0) 
^$(<r ]l ,u> a ^ J X {e J*U H J(p^ a rE o ®0A»(c*))| S J«A«(e*)) 
=((A^ (efc) )*(l ?®<A< m^> a ^U H J(pP : a y~ a ® fi A*(c*))\J 9 e*J 9 S*(h))) 
=(( X J*A*(e k )Y U HM< > a ,,)(p^)*S a ® /§ A*(c*))|J*eV*A*(ft)) 

Take the sum over i to obtain: 

5>i a^^(A^ (efc) )*t/^((^; Q )*S ® 4 A.(c*))|u a ® J$A*(e*)) 

= (J7ff*((/^'°)*3 A$(c*))| J$A 4 (e fc ) J$e*J<E,A$(/i)) 
so that lemma I97F1 implies: 

limj^fa <*®fi h *( X J?A.[ B J* u B*(0% a yz «®0 A*(c*))|u c.^JAfe')) 
= ((^' a )*S|(^ (e) rt^.(A v (c) fi ®, A*(>0)) 

□ 

Proposition 9.9. — For alia, c£ (A/$ nA/r z ,)*(A/* nA/r„), 7*,T n and 
g,h £ T$,s L > the following vector: 

U* H4> T(g*)(A*(h) ^(X^^TUH^ia) a ^A,((cd)*))) 

belongs to D(S$ a <$)z S$) and the value of ov(S$ a 0£ S<$>) on this vector is 
equal to: 

U* H J(h*)(A$(g) 0® a (X^v^yU^iMc) *®a A»((o6)*))) 

Proof. — For the proof, let denote by Si = U' H (Ay(ab) A$(h)) and by 

S 2 = C/^(A*(cd) & ® si A$(.g)). Then, for all e,f £ N Tl njV* n A/"|, 

the scalar product of F$J$A$(e*) a^-F* J$A$(/) by: 

[/^r( 5 *)(A*(/ l ) ® Q (Aj;° (ir . (b . )} )*l7 H .(A*(o) ^^((ed)*))) 
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is equal to the scalar product of J$A$(e) J$A$(/*) by: 

U* H J(g*)(A*(h) ® a (\^ {<T * im) yU H v (A* (a) a ® $ A*((cd)*))) 

Bv l3.34[ this scalar product is equal to the limit over of the sum over % of: 
(J*A*(e) ^JaM/*)!** ^^'(AJl^/M^D'Si ^.((cd)*))) 

By the previous proposition applied with 3 = Hi, we get the symmetric ex- 
pression: 

( U> J* A* (/) ) * S2 1 J*A* (e) )* Sl ) 
so that, again by the previous proposition applied, this time, with 5 = S2 we 
obtain the limit over k of the sum over i of: 

This last expression is equal to the scalar product of: 

U* H T{h*){K„(g) !3® a {\ P A ^ (n) YU H ^{c) A*((a&)*))) 

by J$A$(/) Q (g)^ J$A$(e*) and to the scalar product of: 

a u oU* H4> T(h*)(A*(g) ® a (\^ (a * iidt)) yU H v(Ay(c) a ® A»((ab)*))) 

J$A$(/). Since the linear span of J$A$(e*) a(8 a J*A$(/) 
where e, / £ A/"t l H A/$ H H A/J is a core of F$ £® a we get that: 

U* H J(g*)(A*(h) ® a (X^ ^yU^iA^ia) a ® $ A*((cd)*))) 
belongs to X>(5$ a (g)a 5$) and the value of S<s> a ®a 5$ on this vector is: 

a l/ oC/^r(/i*)(A$( ff ) A K;V,(<i«)) ),f/iJ * (A * (c) Q<8) /3 A *(( a5 )*))) 

□ 

Proposition 9.10. — There exists a closed densely defined anti-linear oper- 
ator G on iJ$ such that the linear span of: 

( A A* (a* (&«)))* ^ ff *( A *(°) Q0 /3 A *(( cc 0*)) 

wz£/i a, c € (A/$ ("I vVt Zi )*(vV* r\Nr R ),b,d € 7^,t h , *s a core o/G and we ftai/e: 

G ( A A^,(6*)) ) * t/ff * (A * (a) Q ®/3 A *(H)*)) 
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= ( X A"(^M-)) rUH * {A * {c) «®/3 A * ((«&)*)) 

v° 

Moreover, GV(G) = V(G) and G 2 = id\ v{G) . 

Proof. — For all n <E N, let k„ <E N, a(n, I), c(n, I) G (7V$ H J\f TL )* (Af* n A/"t h ) 
and &(n, <i(n, Z) G ^*,t h and let u> G such that: 

= £( A A,(o-E i (6(»,i)-)))* I7 «'« ( A * 0) <*®p A»((c(n,i)d(n, /))*)) -> 
i=i ^° 

Wn = Xl( A A*(<T 4 : i (d(n,0*))^ C/ff *^ A *^^'^' ) A * ( 0( V)K V))* ) ) ~> ™ 

i=l w° 

We have U^T(g*)(A^(h) w„) G 2? (5$ a ®p S$) for all g,h G and 

n G N by the previous proposition. Moreover, we have: 

5*)C^.r( fl *)(A*(/i) ) = ^^ r ( /l *)(A*(5) /3®Q Wn) 

Since A$(g) and A$(/i) belongs to D((H^)p, v°), we obtain: 

The closure of 5$ implies that U^r(h*)X^, g -.w = 0. So, apply C/jj # , 

to get T(h*)A^™, -ai = 0. Now, is dense in M that's why A^*/ ff jio = 

for all G T<&,s L - Then, by 13.81 we have: 



K'^HI 2 - («(< A*{g),A*(g) >0,»°)w\w) = (S L (a? /2 ( g yl l/2 (g*))w\w) 
By density of T®^s L i we 

obtain ||w|| 2 = i.e u> = 0. Consequently, the formula 
given in the proposition for G gives rise to a closable densely defined well- 
defined operator on H$ . So the required operator is the closure of the previous 
one. □ 

Thanks to polar decomposition of the closed operator G, we can give the 
following definitions: 

Definition 9.11. — We denote by D the strictly positive operator G*G on 
iJ$ (that means positive, self-adjoint and injective) and by I the anti-unitary 
operator on H$ such that G = ID 1 / 2 . 

Since G is involutive, we have I = I* , I 2 = 1 and IDI = D^ 1 . 
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9.2.2. A fundamental commutation relation. — In this section, we establish a 
commutation relation between G and the elements (w v , w * id)(U' H ). We recall 
that W' = U' H . We begin by two lemmas borrowed from |Eno02j . 

Lemma 9.12. — Let & be a (N° -basis of (Hy)p. For all w' e D(aHy , v) 
and w S H<s, , we have: 

W'(w' &®p w)=y^£j /30c (cJw'^i * id){W')w 

If we put Si — (tUw'.ti * id){W')w, then a(< >j3, v °)o~i = Si. Moreover, if 

w 6 D(a(Hq,), v), then 5i € D(a{H^,),v). 

For all v,v' £ D((Hqr)p,h' ) and i £ /, there exists Ci € D((Hi&)p, v°) such 
that a{< >p^»Ki = Ci an d: 

W'(v' & ® p v)=J2& P®<* Q 

u° i V 

Proof. — Lemma 3.4 of |Eno02j . □ 

Remark 9.13. — If v,v' € A*(7^, Tr ) C D( & H,v) n then, with 

notations of the previous lemma, we have Ci S D(aH, v) n D(Hp, v°). 

Lemma 9.14. — Let v,v' £ D(Hf3,i/°) and w,w' S D( & H,v). With notations 
of the previous lemma, we have: 

(lu v , w * id){U'^)(uj vl tW > * id)(U'H) = y^X^dA * «0(£/£) 

i 

in the norm convergence (and also in the weak convergence). 

Proof. — Proposition 3.6 of |Eno02j . □ 

Lemma 9.15. — Let a,c belonging to (A/$ n Nt l )*(N^ n Nt r ). For all 
b,d,a' ,b' ,c' ,d' £ T^,t r , the value of (-^^(a-* 071 sum over * °f : 

A*((u> A v iabUi * id){W')a') a ® $ A$({c'd')*(cj t : i , A v icd) *id){W'*)) 
is equal to: 

A*((cd)*)) 

Proof. — First, let's suppose that a £ T^,t r - Bv l3.17l and l3.191 we have: 

A*((cd)*)) 

= (^A*( a '6'),A*(c'rf') * ^)(C / ffJA$((w Ail/(Q) ^(^.(b,)) /3®a id) (T ((cd)* ))) 

V 

= K*(a'6'),A*(c'i') * ^)( C/ ffJ A *(( w A*(a6),A*(cd) * ^(^ffj) 
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By 19.141 and the closure of A$ , this expression is equal to the sum over i G I 
of: 

A*((w( WA ^. ((li ,) i€ .*id)(W')A*(a'6'),C^A*(o<i), ei «d)(W r/ )A.*(c'd') * id )( U H<s)) 

Again, 13.171 and I3.19| we obtain the sum over i £ I of the value of 

A*((o;a«(o6) A * id)(W"V) A$((c'd')*K i ,A <t (cd) * 

A density argument finishes the proof. □ 

Proposition 9.16. — If v,w G A*(T| T J C D{ & {H^),v) n D{{H 9 ) p ,v°), 
then we have: 

(4) (w„ iU) * id) (C/^JG C G(w„,,„ * id) (E/£J 

(5) and (w v<w * id)(U' Htl> )G* C G*(w Vitu * id){U' H ^) 

Proof. — Let a, c G (A/$ n Afr L )*(Afv H A/t h ) and 6, d, a', 6', c', d' G 7*,T n - By 
definition of G, we have: 

( A A;V i(d .)))* C/ ^( A *( c ) «®3 A $ ((a6)*)) G 2?(G) 

and: 

(^A*(a'6'),A*(Cd') * id)(f/^JG(A^ ((7 * (d . )) )*U ffw (A w (c) ^ A$((o6)*)) 

= (^A*(a'6').A*(c'd') ** d )(^J(AA" (o .* i(b » )) )*^(A*(a) A$((cd)*)) 

By the previous lemma, this is the sum over i E I of ^(^^l* (d'*)))*^ H ^ on: 

A*(K^ (cd) , ?j * id)(W)<0 a® j9 A»((o'6')*(w C< ,A.(a6) * *<W*)) 

Now, G is a closed operator, so that the sum over i G / of (A^'", * ? d ,»^)*C/ij # 
on: 

A*((WA.(«0A * id)(WV) a ® 4 A»((o'6')*(W£ 4l A,(a6) * W)(W*)) 

belongs to T>(G) and by the previous lemma, we obtain: 

(wA*(a'60.A*(cM0*^)(^'*)G(A A ; a (CT ^ (d , )) )*C/^(A*(c) Q ® /§ A»((o6)*)) 

= G ! (Wa*(c'<J'),A*(o'6') *^(^ffJ( A A*(<7* 1 (<i*)))* C/ff *(A*(c) A*((o&)*)) 

Now the linear span: 

( A A;V(6.)))*^*( A *W ^ A*((cd)*)) 
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with a, c e (7V$ n A/t £ )*(jV* n A/t r ), &, rf G ^*,t r }, is a core for G that's why 
the first inclusion holds. The second one is the adjoint of the first one. □ 



Corollary 9.17. — For all v, w € A*(7^ Tr ), we /lave: 
where D = G*G is defined in \9.11\ 



Proof. — We have: 



(u> WiV * id)(U' HiS> )G = (ojsvwAvSw * id)(UxJG by lemma GL20] 
C G(u>AvSvv,Svw * id )(U'Hj by inclusion (0} 
= G(w A ^ w * id)(U%J by lemmadini 



In the same way, we can finish the proof: 



(u) VtW * id)(U' H )D = (u) v>w * id)(U' H )G* by definition 19.111 

C G*(u) WtV * id)(U' H<Sr )G by inclusion ((5]) 

= ^(%VA t « * *<0(^,) b y definition EH 



□ 



9.2.3. Scaling group. — In this section, we give a sense and we prove the 
following commutation relation U' H (Ay a®i3 D) — (Ay pi^ a D)U' H ^ so as 

to construct the scaling group r. 



Lemma 9.18. — For all A G C and x analytic w.r.t v, we have: 



a(x)D x C D x a(u v _ iX (x)) and (i(x)D x C D x (3(a^ lX (x)) 
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Proof. — For all a, c £ (7V$ R A/t l )* (A/* n A/tr), Me ^*,t r and x analytic 
w.r.t i/, we have bv 13.211 and 13.221 

p(x)G(\^_ i{bm)) )*U*(A*(a) a ® fj A 4 ((cd)*)) 
= /3(x)(A^ i(d , )) )*^(A*(c) Q ^ A*((o6)*)) 
= ( A A;V.( d .)))*( 1 ^a/5(^))^*(A*(c) ^ A»((a&)*)) 
= ( A a^(«t» («l»)))* t; »( A *( c ) a(g >P A $ (/3(x)6*a*)) 

1/° 

= G ( A A;%( CTr( x))^ i (6.)))* C/ *( A *( a ) «®0 A *(M*)) 

= Ga(^ i/2 (x*))(A^ i(b , )) )*C/< P (A*(a) a ® $ A*((cd)*)) 

Now, the linear span of: 

where a, c £ (A/$ RA/t £ )*(A/* r\Afr R ), b 1 d£ Hp,t r }> is a core for G, so that we 
have: 

/3(z)GCGa(ot i/2 (x*)) 
Take adjoint to obtain a(x)G* C G*/3(cr^ /2 (a;*)). So, we conclude by: 

a(x)L> = a(x)G*G C G*/3« /2 (x*))G C Da(i^(i)) 

The second part of the lemma can be proved in a very similar way. □ 

We now state two lemmas analogous to relations J2} and ((3]) for ^ and we 
justify the existence of natural operators: 

Lemma 9.19. — For all A £ C, x £ V(a' J _ iX ) and £ A^(T^ iTr ), we have: 

^)4cA^(/ iA (i)) 

(6) r^°(aU)a- x C A^^°(0 

and a^ A (< A*£, £' =< £, A^' >p, v o 

and: 

a{x)A% C A*d(a* u (x)) 

(7) (A4o a; a C A*R & ' v ° (0 

and <r^ a (< A^, £' >a,,o) =< £, A*C ><V° 
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Proof. — It is sufficient to apply 19751 to the opposite adapted measured quan- 
tum groupoid for example. □ 

Then, we can define, for all A S C, a closed linear operator A^, p® a D x 
which naturally acts on elementary tensor products of p® a H§. With 

V 

relations (J7J) in hand, we also get a closed linear operator A^, a®p D x on 

Proposition 9.20. — The following relation holds: 

(8) U' Ht (A 9 &®pD) = (A^ p ® a D)U' H<t 

Proof. — By 19.171 we have, for all v, w £ k<s(T<s!,T R ) and v', w' £ V(D): 

(U'hs( v &®0v')\Ah,w p® a Dw') = ((u VtA9W *id)(U' H Jv'\Dw') 

= ( £, ( w A^ 1 (A.o) 1 A.u;** d )( t/ ff#yK) 

= (U' H ^(A 9 v & ®pDv')\w f3 ® a w') 

By definition, we know that A^(7^t k ) *D(D) is a core for p$$ a D so, 
for all u € P(A^ D), we have: 

V 

(U'hJv & ®pv')\{A<s p® a D)u) = (U' H ^(Ayv &®p Dv')\u) 

Since A^ p<g> a D is self-adjoint, we get: 

(A* ® a D)U' Hit (v & ®pv') = U' H ^(A 9 v & ®pDv') 

Finally, since A^(T^_t r ) © is a core for A^ D and by closeness of 

A^ [3®^ D, we deduce that: 

U' Hit (Aq, & ®p D) C (A* p® a D)U' H<S> 

Because of unitarity of U' H , we get that (A* &®p D)U'jj C. Ug£A-& p® a D) 
and by taking the adjoint, we get the reverse inclusion: 

(A* p® a D)U' H ^ C 17^ (A* &®p D) 

□ 
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We know begin the construction of the scaling group r strictly speaking. We 
also prove a theorem which state that A(U' H ) — M and generalize proposition 
1.5 of [KV03J. 

Definition 9.21. — We denote by Mr the weakly closed linear span of: 
{{lu * a id)(T(x)) | x € M, lu € M+ s.t 3fc e M+ w o j3 < kv} 

Also, we denote by Ml the weakly closed linear span of: 

{(id 0* a uj)(T(x)) | x£M, weM+ s.t 3k e M+ wo a < kv} 

V 

Bv l3.19l and l3.501 Mr is equal to the von Neumann subalgebra A(U' H ) of M. 
Also, Ml is a von Neumann subalgebra of M . Moreover, we know a(N) C Mr 
and /9(iV) C Ml, so that Ml /3*a Mr makes sense. Also, we have, for all 

m € M : 

(9) T(m)eM L ^* Afa 

AT 

Lemma 9.22. — There exists a unique strongly continuous one-parameter 
group t of automorphisms of Mr such that Tt(x) = D~ lt xD lt for all t € M 
and x € Mr . 

Proof. — By commutation relation ([8]), for all t € M and v, w S A^(7^t h ), we 
get that: 

Consequently, we obtain D~ lt MrD 1 * — Mr which is the only point to show. 

□ 

Lemma 9.23. — We have r t (a(n)) = a(a^(n)) for all n e N and t G R. 
Proof. — Straightforward by lemma [9. 181 □ 
Proposition 9.24. — We have (of -k a r_ t ) o V = Y o erf for all t 6 R. 

Proof. — By proposition 12.131 and thanks to the previous lemma, it is possible 
to define a normal ^-automorphism o* p* a r_t of M p* a Mr. By relation 

A N 

([9]), the formula makes sense (r is just defined on Mr). By relation J5J), we can 
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compute for all to G M and tel: 
{of p*a T-t) o r(m) = (A$ p® a £) i *)r(m)(A" i * ^ Q ZT«) 

1/ f ^ 

= (A| ^.D^^Jm ^1)1^ A~ 4 ' ^ QJ D- rf ) 

V° l>° u° 

□ 

We are now able to prove that we can re-construct M thanks to the funda- 
mental unitary. 

Theorem 9.25. — If < F >~ w is the weakly closed linear span of F in M, 
then following vector spaces: 

M R =< (to i3* a id)(T(m)) \ m G M, u G M+,k G R+ s.t loo f3 <kv >~ w 

V 

A(U' H ) =< (cj v , w * id)(U' H ) | v G £>( a (ff«),/i),«;G D((H*) , M °) >- w 

Mt =< (id ,g* Q w)(r(m)) | to G M, w G M+, G R + s.tuooa<kv >~ w 

;4(l7 ff ) =< (id* | w G D((H^) )t i )^we D( a (H 9 ),n) >~ w 

are egwa/ to the whole von Neumann algebra M . 

Proof. — We have already noticed that M R = A{U' H ) and M L = A(Uh)- 
Then, we get inspired by |KV03| . Bv l9.23l we have T t {a{n)) — a(a^(n)) so: 

M L =< (id * a uoT t )(T(m)) \ meM,uj G (M R )+, k G M + s.t ujoa < kv >~ w 

By 19.241 we have af ((id p~k a uj)T(m)) = (zd a; o rt)r(<7*(m)) that's why 

<jf(M L ) = M L for all tel. On the other hand, bv l3~TTl restriction of * to 
Ml is semi-finite. By Takesaki's theorem ( |Str81j . theorem 10.1), there exists a 
unique normal and faithful conditional expectation E from M to Ml such that 
\l/(m) = ty(E(m)) for all to G M + . Moreover, if P is the orthogonal projection 
on the closure of A* (A/* H Ml) then E(m)P = PmP. 

So the range of P contains Ay ((id -k a lo)T(x)) for all to and x G A/*. By 

V 

right version of l3.38l implics that P = 1 so that is the identity and M — Ml- 
If we apply the previous result to the opposite adapted measured quantum 
groupoid, then we get that M = Mr. □ 

COROLLARY 9.26. — There exists a unique strongly continuous one-parameter 
group t of automorphisms of M such that, for all t £l, to G M and ii£JV: 

Tt (m) = D- lt mD lt , r t (a(n)) = a«(n)) and T t ((3(n)) = /3«(n)) 
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Proof. — Straightforward from the previous theorem and 19.221 First property 
comes from 19.231 and the second one from l9.18l □ 

Definition 9.27. — The one-parameter group r is called scaling group. 

Let us notice that it is possible to define normal ^-automorphisms r t p* a r t 

N 

and Tt /3* a c* of M p^) a M for all t € R, thanks to the previous commutation 

N N 

relations and recalls about tensor products. 

PROPOSITION 9.28. — We have T o r t = (r t p* a r t ) o T for all tel. 

TV 

Proof. — By 19.241 and co-product relation, we have for all ( £ 1: 
(id p * a T)(af p* a r_ t ) oT — (id * a T)T o af 

= (T /3* Q id)T o af = (r o of * a r_ t )r 

= ( a t p+otT-t T_t)(r ^j* a id)r 

= (a* p* a [(r-t p* a T- t ) o T]) o r 

V V 

Consequently, for all m € M, cu G M+, k € M + such that tu o f3 < ku 7 we have: 

r O T- t O ((b) O a*) p* a ld)T = (b) /3*a id p* a id) (of {3*a (T O T-t)) T 

= (w id p* a id) (af /3* Q [(r_ t /3* Q r_ t ) o T]) 

1/1/ Z/ 1/ 

= [(T-t /3*a r_ t ) o T] o ((a; o erf) ^ ief)r 
The theorem 19.251 allows us to conclude. □ 
PROPOSITION 9.29. — For all x e M n a.{N)', we have T(x) = 1 /3<8> a a; <^ 

JV 

a; € /9(iV). ,4Zso, /or a// a; S M r\/3(N)', we have T(x) = x p(g> a I x e a(N). 

N 

Proof. — Let x e M n a(iV)' such that T(x) = 1 p®,, x. For all n € N, we 

AT 

define in the strong topology: 

x n = —= I exp(—n 2 t 2 )o-f (x) dt analytic w.r.t cr*, 

and: 

y„ = — = / exp(—n 2 t 2 )T^ t (x) dt belongs to a(N)' . 
V n J 
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By I9.24[ we have T(x n ) = 1 p® a y n . If d G (Mq,r\M Ta ) + , then, for all n G N, 

AT 

we have <i:z; n eMf n -Mtr- Let w € M+ and € R + such that ui o a < fczA 
By right invariance, we get: 

ui o T R (dx n ) = u((t> * a id)(T(dx n ))) 

= *((id * a ui)(T(dx n ))) = ${{id * a {y n cj))(T(d))) 

V V 

= * a id)(T(d))y n ) = uj(T R (d)y n ) 

Take the limit over n € N to obtain T R (dx) = T R {d)x for all d G Mm (1Mt h 
and, by semi-finiteness of T R , we conclude that x belongs to f3(N). Reverse 
inclusion comes from axioms. If we apply this result to the opposite adapted 
measured quantum groupoid, then we get the second point. □ 

9.2.4- The antipode and its polar decomposition. — We now approach defini- 
tion of the antipode. 

Lemma 9.30. — We have (uj v>w * id){U' H<i )D x C D x (lo a ^x v a a w * id)(U' H<s> ) 
for all A G C and v, w £ A* (7^7^)- 

Proof. — Straightforward from relation ([5]). □ 

Proposition 9.31. — If I is the unitary part of the polar decomposition of 
G, then, for all v,w G D((Hqj)p,h>°), we have: 

I(^j^w,v * id){U'H^I = {uj*v,w * id)(U' H J 

Proof. - We have (u VtW * id^U^JD 1 / 2 C D 1 / 2 ^^^^^ * id)(U' H J for 
all v, w G A^(Tm t T R ) by the previous lemma. On the other hand, by inclusion 
(O, we have: 

[w v , w * id^U'HjD 1 / 2 = (u ViW *id)(U' H JG*I C Z? 1 / 2 /^ * id)(U' H JI 
So /(uv-u * id)(U' H JI = ( w A ^i/2 t ,. A V2 tu * id)(U' H J and, by 13.201 we have: 

□ 

COROLLARY 9.32. — There exists a * -anti- automorphism R of M defined by 
R(m) = Im* I such that R 2 = id. (We recall that I denotes the unitary part of 
the polar decomposition of G). 

Proof. — Straightforward from the previous proposition and theorem l9.25l □ 
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Definition 9.33. — The unique *-anti-automorphism R of M such that 
R(m) = Im*I, where I denotes the unitary part of the polar decomposition of 
G, is called unitary antipode. 

Definition 9.34. — The application S = Rt_ 1 / 2 is called antipode. 

The next proposition states elementary properties of the antipode. Straight- 
forward proofs are omitted. 

Proposition 9.35. — The antipode S satisfies: 

i) for all t£R, we have r t o R = R o r t and r t o S = S o r t 

ii) SR = RS and S 2 = T-i 

Hi) S is densely defined and has dense range 
iv) S is injective and S^ 1 = RTi/ 2 = Ti/ 2 R 
v) for all x £ V{S), S(x*) G V(S) and S(S(x)*)* = x 

9. 2. 5. Characterization of the antipode. — In 19.341 we define the antipode by 
giving its polar decomposition. However, we have to verify that S is what it 
should be. 

9.2.5.1. Usual characterization of the antipode. — 

Proposition 9.36. — For all v, w S A^(%, yTR ), (w w ,v * id)(U' H ^) belongs to 
T>(S) and we have: 

S((uj w , v * id)(U' H J) = (u w<v * id)(U'Hj 

Moreover, the linear span of {u> VjW * id)(U' H<s> ), where v,w € A^(Tq,^T R ) 7 is a 
core for S. 

Proof. — By 19301 we have {u w<v *id)(U' H ^) S V{t_ i/2 ) = V(S) and: 
S((u w , v * id)(U' H J) = R((^ a -^ waTv * id)(U' H J) 

= (^S^vA^S^w * id)(U' H9> ) by proposition [9J31J 

= (w WlV * id)(U'j^J by lemma f3T20l 

The involved subspace of M is included in T>(T_ i j 2 ) bv 19.301 weakly dense 
in M by theorem 19.251 and r-invariant by 19.221 which finishes the proof. □ 

Corollary 9.37. — For a,b,c,d S T^.t r , (wa^(o),a*(6) /3*a id)(T(cd)) be- 
longs to T>(S) and we have: 
S((wA,(a),A 4 (i) /3* a id)(T(cd))) = (w A ^ (c ) iA ^ (CT * 4(d *)) 0-k a id)(T(af(a)b*)) 

Proof. — Bv l3.191 we know that: 

K t (a),A t (6) P*a id)(T(cd)) = (l^A^icd)^^^')) * id )(U' H J 
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which belongs to V(S). Then, by [3TT91 and l3~20l we have: 

S{{u3A^{a)^{b) /3*a id){T{cd))) = S^Kw {cd) M (6ff * (a , )} * id)(W')) 

= (WA*(o<0,A*(6o-* 4 (a»)) 

= ( W A*( CT f(a)b«),A s ,(a* i (d* C *)) *«0(W') 

= (WA*(c)A*(^?i(<«*)) * d )( r ( CT ?( a ) 6 *)) 

1/ 

□ 

9.2.5.2. The co-involution R. — In this section, we give a new expression of 
R and we show that it is a co-involution of the adapted measured quantum 
groupoid. 

Proposition 9.38. — For all a,b e A/* n Mr R , we have: 

R((vjvA*(a) P*c* id)(T(b*b))) = (wj 9 Av(b) 0* a id)(T(a*a)) 

Proof. — The proposition comes from the following computation: 

^((^J*A*(a),J*A*(a) /3*a id)(T(b*b))) 

*((>*!>), J* A* (a* a) * 

id)(U' H J by corollary EH1 

= K(a- a ),j 4 A f (i-t) * id )( U Hj b y definition of R, 

= (^A^&^A^b) p* a id)(T(a*a)) by corollary [3T9J 

□ 

Remark 9.39. — We notice that R is TY-independent. 

PROPOSITION 9.40. — We have Ia{n*) = (3{n)I for alln € N and Roa = (3. 

Proof. — Bv l9.181 we have, for all x € 7*,t h : 

(3(x)GD'^ 2 C Ga(a_ i/2 [(x*)) C GH~ 1/2 q(i*) C Ja(>*) 

and, on the other hand, (3(x)GD^ 1 ^ 2 C /9(x)7 so that 7a (a;*) = (3(x)I. The 
result holds by normality of a and /?. □ 

By [Sau83b , there exists a unitary and anti-linear operator I p® a I from 

H p® a H onto H a (g)pH, the adjoint of which is I a ®p I. Also, there exists an 

anti-isomorphism R p* a R from M p* a M onto M a *p M and, by definition 

N N N° 

of R, we have, for all X S M p* a M: 

N 

(R p* a R)(X) = (I ® a I)X*{I a ®pl) 

N v v° 
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We underline the fact that, if a; € M+, then uj o R e M+ and, if there exists 
k £ M. + such that u) o a < fc^, then ui o R o (3 < kv. Also, if € M+ and 
fc' 6 R + are such that 9 o (3 < k'v, then 9 o R o a < kv. Then, we have 
loR p-k a 9R—(uj a * l3 9)o(R p-k a R). 



Lemma 9.41. — For all a,x € Afr R H A/*, w € M+ and fc e R+ suc/i iftaf 
uj o a < fc^, we have: 

uj o i?((w./ 4 ,A 4 ,( a ) /3* Q id)(r(s))) = (A* ((id /3* Q uj)(T(a*a)))\ J*A*(x)) 



Proof. — Let & £ A/r R H A/* . By 19.381 we can compute: 

uj o i2((wj^ A<t(a ) ,g* a id)(r(&*&))) = w((w Jl)A(t(6 ) ^ «d)(L(a*a))) 

= {(id p+u w)(L(a*a))J*A*(6)| J^A^(fe)) 
= (J^bJ^A^((id (3*& u;)(r(a*a)))| J^A#(&)) 
= (A*((id /3* a w)(r(o*a)))| J*A*(6*6)) 

Linearity and normality of the expressions imply the lemma. □ 

Proposition 9.42. — We have qv° ° (i? i?) o L = r o R. 

N 

Proof. — Let a, b e Mt r H Aw, w, € M+ and fc, fc' G R + such that woa<b 
and 9 o (3 < k'v. Then, we can compute bv 19.381 and the previous lemma: 

(9 * a w)(rofl((w JtAt(B) ^ *d)(T(&*&)))) 
= (0 ^ a a))(r((u; tAt(i) * a id)(T(a*a)))) 
= (^J*A*(&) /3*q # /3*a w)(id /3* Q T)(T(a*a)) 

v v N 

= (^j*A*(6) /3*q /3* Q w)(L /3* Q id) (r(o* a)) 

v v N 

= (Wj w A*(6) /3*a 0)P((id /3* Q w)(L(a*a)))] 

= (A*((id 0* a 0oiJ)(r(6*6)))|Jti>A<iK(id £*„ w)(r(a*a)))) 
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Observe the symmetry of the last expression and use it to proceed towards the 
computation: 

(A*((td p* a co)(T(a*a)))\J^A 9 ((id * a 9 o R)(T(b*b)))) 

= K*A*(a) f3* a w o R)[T((id p* a 9 o R)(T(b*b)))} 

= (Wjj.Aicto) W ° ^ ^ -R)( r /3*a id)(r(&*6)) 

v v N 

= (wj 4 a»(o) p* a u°R p* a 9 o R)(id * a r)(r(6*6)) 

v v N 

= (uoR p * a 9oR)(T((ujj i , AHa) * a id)(T(b*b)))) 

V V 

= (W a */jfl)(-R /J*a i2)(r((Wj» A » (a) /J*a»d)(r(6*6)))) 
i/° AT v 

= {9 p* a uj)s N o(R pk a i?)(r((w^ At (a) /8*q «d)(r(6*6)))) 
Theorem 19.251 easily implies the result. □ 

9.2.5.3. Left strong invariance w.r.t the antipode. — In this section, T" denotes 
a left invariant n.s.f weight from M to a(N). We put $' = v o a -1 o T', J$/ the 
anti-linear operator and A$/ the modular operator which come from Tomita's 
theory of <&', cr* its modular group and V — {Ut')*h i.e the fundamental 
unitary associated with T". The next proposition is the left strong invariance 
w.r.t S. 

Proposition 9.43. — Elements {id* uj v . w )(V) belong to the domain of S for 
all v,W € A$/ (7& t T') an d we have S{{id * lu vw ){V)) — (id * lo V:W )(V*). 

Proof. — By l3~19l we have {id * u)(V) = (u> o R * id)(U' H J for all to. If 
uj{x) = u)(x*), then, by 19.361 we have: 

S((id * oj)(V)) = o i? * id)(C^.)) = (w o fl * id)(D2J 

= [(TJoR*id)(U' H jr 

= [{id*ZJ){V)}* = (id*u)(y*) 

□ 

Lemma 9.44. — For all v € £>(Z? 1/2 ) and w € £>(Z? 1/2 ), we /law: 

* id)(V)* = (uid-V'vJdV'w * id )( v ) 

Proof. — We have {id * w w <y)(V) £ T>{S) — f(r_j/ 2 ) for all v',w' belonging 
to A$'(7i/ ) T') by 19.431 and, since r is implemented by D —1 , we have: 
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{id*u wftV >)(V)D^ 2 C D^ 2 T_ i/2 {{id*u; w ^ v ,){V)) 

= D l l 2 R{S{{id*U w ,y){V))) 

= D 1/2 I[(id*uj w ,, v ,)(V*)}*I 
= B x l 2 l(id * cu v i yW /)(V)I. 
Then, for all v e X>(L> 1/2 ) and tu e Dp 1 / 2 ), we have: 

((u ID -i/2 VlID i/2 w *i<l)(V)v/\i/) = {(idtw^WDWlvlD-Wlw) 

= (D 1/2 I(id*uj v ,, w ,)(V)v\D- 1/2 Iw) 
= (w\(id * u V ' lW i)v) 
= {(cj V!W *id)(V)*w',v') 
Then, the proposition holds. □ 

Proposition 9.45. — The following relations are satisfied: 
i) (I a <g> £ J^)V = V*(I ® a J*/); 

N° N 

ii) (D- 1 a ® e A< s ,,)V = V(D- 1 p® a Av); 
Hi) (r t erf ) o T = T o o-f for allteR . 

N 

where e(n) — J$'a(n*)J$/ for all n € N. 

Proof. — We denote by the operator of Tomita's theory associated with <J>' 
and defined as the closed operator on H$/ such that A$/ (A/V fl A/J/ ) is a core 
for 5$' and S'$'A$'(x) = A$'(x*) for all a; £ A/*' nA/"|,. Then, by definition, we 

1/2 

have A$/ = S^S&i and 5$' = J<j,'A $ , . Moreover, for all m £ M and t £ M, 
we have erf' (to) = A^mA^f. 

First of all, we verify these relations make sense. We have to prove some 
commutation relations. We can write for all n £ % and y £ A/$' n Af£r. 

S<t,>a(n)A.<j,>(y) = S<t,>A<f,/(a(ri)y) 
= A$/(y*a(n*)) = a(cr^ i/2 («))5*'A*/(j/) 
so a(a l ^ i , 2 (n))S^> C S'$'a(n) and by adjoint a(n)S$, C SJ/d(<7^ 2 (n). Then: 

a(n)A$/ = a(n)S%iS& C SJ/c^cr^^).!?^ C A$/a(crf (n)) 

Since /3(n)_D _1 C D~ 1 /3(crf (n)), the second relation makes sense. On an other 
hand, we know that I/3(n) = a(n*)I and Ja(n) = e(n*)J$/ to terms of the 
first relation. Finally, for all t £ R, we have: 

Tt o0 = 0oo% and tr?'(a(n)) = A^,a(n)A^* = 
which finishes verifications. 
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Let V) w £ A<j> (Tq> s L ) . By 13.6] we know that {to-v,w p*a 

id)(T(y)) belongs to 

Nt> H A/$' D.A/£, nVVJ, for all y G 7V T - nN&nN T , n By EH1 we can write 
(w 1 ,^„*ic?)(F*)A$/(y) = A$/((w t)>U) /3* Q id)(r(y))) so that (a;„ liu *id)(V*)A0/($/) 

belongs to T>(S$/). Then, we compute: 

S<s>>((jJ v , w * id)(V*)A^(y) = S&A$r((tjj VlW /3* Q id)(r(y))) 

= A$/((£J 1U ,„ id)(r(j/*))) 

= (wt 1M ,*id)(V r *)A*/(j/*) 
= (w WilJ * id)(V*)S<s>'A<s>'(y) 

Since A^>(Nt' ON®' 0N T ' flJV|/) is a core for 5$', this implies: 

(10) (u w , v * id)(F*)S$< C S 9 >(u v , w * id)(V*) 
Take adjoint so as to get: 

(11) {u WiV * id)(v)si, c * id)(v) 

Then, we deduce by the previous lemma: 

(v VlW * id)(V)A *d)(v)s;,5*/ 
C 5i/(w Vil0 * id)(V)/SW 
= S%,[{u) ID -x/2 w j D i/2 v * id)(V)]* S& 



Then by inclusion (|10p and the previous lemma, we have: 

(ui VjW * id)(V)A^> C Sq,S<s,>[(oj id i id)(v)r 

= A$,(u; D i/2 IID i/2 v D -i/2 IID -i/2 w * id)(V) 
= A&(uj DVtN -i w * id)(V) 
Consequently, like relation (|5J), we easily deduce that: 

(D- 1 a ® e A< i ,)V = V(D- 1 p® a A^) 

Let's prove the first relation. By inclusion (jTUJ) , for all v € V(N^ 1 / 2 ) and 
we have: 

1/2 

J<5>'{lo w ,v * id)(V )J$'A $ , = J<s,'(l) WjV * id)(V*)S<z>' 
(12) C J<s,,S&((a} v>w *id)(V*) 

= A 1 J, 2 (cj v , w *id)(V*) 

1 /2 

For all p,g£ 2?(A $ , ), we have by ii): 
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{{uj v<w *id)(V*)p,A 1 J, 2 q) = (V*(v a ®,p)\w p^A^q) 

v° V 
= {V*(V ®eP)|IT 1/2 (I> 1/2 w) p® a A)i?q) 

= ((D- 1 / 2 f3 (g> a A 1 J 2 )V*(v a ® e p)|D 1 / 2 «j ® a q) 

v v° V 

— (V*(D~ 1 / 2 v a ® e A^p^D^w i3® a q) 

V v 

= ((ud-v»v,di/*w * id)(V*)A^p\q). 

1 /2 

Since A $ , is self- adjoint, we get: 

Also, by the previous lemma, we have: 

K-i/2„,di/»„ * *<0(V*) = [w D i/2 WiD -i/2 v * id)(V)* 

= [wiwjv * id)(V) 

That's why (loi w j v * id){V)A 1 ^? C A^ 2 (w t , iUJ * ief)(V*). Since A^ 2 has dense 
range, this last inclusion and (|12p imply that: 

{uiw,lv * "000 = J$>(u> VlW * i<i)(V*)J$' 

Then, we can compute: 

((I p®a J<S>')V* (I p® a J&)(v p® a q)\w a ® e (?) 
= (V(Iw 0tgi a J$>q)\Iv Q (g) e J$/p) 

= {{loiwJv *id)(V)J$>q\J<s>'p) = (J<s,>(u W)V * id)(V*)q\J^p) 
= ((w v , w *id)(V)p\q) = (V(v p® a q)\w a <g> e q) 

v v° 

so that the first relation is proved. We end the proof by the last equality. We 
know that T is implemented by V, cr* by A<j>< and r by D so that the relation 
comes from (D^ 1 a ® e A^)V = V{D- X ® a A$/) like [9T241 □ 

If we take T" = Tj, then V = VK* , J$' = J$ and A$/ = A$ so that we have 
the following propositions: 

PROPOSITION 9.46. — For all v,w e A$(7i i s £ ) } (id * ui v>w )(W) belongs to 
T>(S) and: 

S{(id*u v , w )(W)) = [id*u v , w ){W*) 

Proposition 9.47. — We have (uj v , w *id)(W*)* = (u> ID -i/2 v>ID i/2 w *id)(W*) 
for all v £ V(D X I 2 ) and w € V(D 1 / 2 ). 



98 



FRANCK LESIEUR 



Proposition 9.48. — The following relations are satisfied: 
i) (I a ®» J*)W* = W(I (3® a J$) ; 

N o N 

ii) (D- 1 ® a A*)W* = W^D- 1 ® a A*) ; 
Hi) (r f 0-k a erf) o T — T o af for all tel. 

N 

We summarize the results of this section in the three following theorems: 

Theorem 9.49. — Let (N, M, a, (3, V, v, Tl, Tr) be a adapted measured quan- 
tum groupoid and W the pseudo-multiplicative unitary associated with. Then 
the closed linear span of (id * U> V , W )(W) for all v G D( a Hq,,v) and w G 
D((H<$)p, v°) is equal to the whole von Neumann algebra M . 

Theorem 9.50. — Let (N,M,a,P,T,v,TL,Tn) be a adapted measured quan- 
tum groupoid and W the pseudo-multiplicative associated with. If we put <fr = 
v o cT 1 o Tl, then there exists an unbounded antipode S which satisfies: 

i) for all x G V{S), S(x)* G T>(S) and S(S(x)*)* = x 

ii) for all v,w G A$(7$ j s [ ), (id * u> VtW )(W) belongs to D(S) and: 

S((id*Lo v , w )(W)) = {%d*u v , w ){W*) 

S has the following polar decomposition S = RTi/2, where R is a co-involution 
of M satisfying R 2 = id, Ro a = f3 and qv° ° (R /3*a R)°T = ToR, and where 

N 

t, the so-called scaling group, is a one-parameter group of automorphisms such 
that T t o a = a o a" , r t o (3 = (3 o satisfying T o r t = (r t g-k a r t ) oT for all 

N 

teR, S, R and r are independent of Tl and ofT^ . 

Moreover, RoTloR is a n.s.f operator-valued weight which is right invariant 
and a-adapted w.r.t v. 

Theorem 9.51. — Let (N, M, a, (3, T, v, T L , T R ) be a adapted measured 
quantum groupoid. If R is the co-involution and r the scaling group, then 
(N, M, a, (3, r, Tl, R, t, v) becomes a measured quantum groupoid. 

Proof. — By hypothesis, we know that -ft = o~-t f° r all t G R so that 7 leaves 
v invariant. By theorem 19.501 and proposition 19.381 we can construct a co- 
involution R and a scaling group r such that (N, M, a, (3, V , Tl, R, t, v) becomes 
a measured quantum groupoid. □ 

9.3. Uniqueness, modulus and scaling operator. — By the general the- 
ory of measured quantum groupoids, theorems l5.23l and l5.24l can be applied and 
we get the following two theorems in the adapted measured quantum groupoids 
case: 
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Theorem 9.52. — Let (N,M,a, /3,T,i/,Tl,Tr) be a adapted measured quan- 
tum groupoid. IfT' is a left invariant operator-valued weight which is (3-adapted 
w.r.t v, then there exists a strictly positive operator h affiliated with Z{N) such 
that, for all t g M: 

v o oT x o T' = [y o oT x o Tif)p{h) 
We have a similar result for the right invariant operator-valued weights. 

Theorem 9.53. — Let (N,M,a,f3,T,v,T L ,RoT L oR) he a adapted measured 
quantum groupoid. Then there exists a strictly positive operator 8 affiliated with 
M called modulus and then there exists a strictly positive operator X affiliated 
with Z(M) n a(N) n 0(N) called scaling operator such that \DvooT 1 o T L o R : 

Dv o a- 1 o T L ] t = X^5 U for all t G M. 
Moreover, we have, for all s,t G M: 

[Dv o a" 1 o T L o Ts : Dv o a" 1 o T L ) t = \~ lst 

[Dv oa- 1 oT l oRot s :Dvo a" 1 o T L o R] t = \- lst 

i) 

[Dv o cT 1 o T L o a »°<* ^TloR . Dy Q a -i Q Tl ] 4 = A ist 

[Dv oa- 1 oT L oRo a^-'oTL . Dv Q a -i qTlQ r ^ = A - isi 

ii) R{\) = X, R(5) = S- 1 , r t {5) = 5 and r t (A) = A ; 
Hi) 5 is a group-like element i.e T(5) — S /3® a 6. 

N 

Nevertheless, in the setting of adapted measured quantum groupoids, we 
can improve the previous results. We want to precise where S sits and the 
dependence of fundamental elements with respect to the quasi-invariant weight. 

Proposition 9.54. — The scaling operator does not depend on the quasi- 
invariant weight but just on the modular group associated with. Lf 5 is the class 
of S for the equivalent relation Si <~ <5 2 if, and only if there exists a strictly 
positive operator h affiliated to Z(N) such that Sf = (3{h lt )5f a(h~ lt ) , then 5 
does not depend on the quasi-invariant weight but just on the modular group 
associated with. 

Proof. — If v' is a n.s.f weight on N such that a v = a v , then there exists 
a strictly positive h affiliated to Z(N) such that v' = Vh- We just have to 
compute: 

[Dv' o aT 1 oTl o R : Dv' o aT 1 o T L ] t 
= [Dv h o a^ 1 o T L o R : L>$ o R] t [D<5> o R : D$] t [D$ : Dv h o oT 1 o T L ] t 
= [3([Dv h : Dv}l t )\^ t2 S u a([Dv : Dv h ] t ) = X^ 2 (3(h u )5 lt a{h- lt ) 

□ 



Proposition 9.55. — The modulus S is affiliated with M n a(N)' n (3(N)' . 
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Proof. — Since $ = v o {3 1 o Sl, with the notation of section \9l2\ we have: 
ATT<f* = [L>$ o i? : £>$] f = [L>i? oT L oR: DS L ] t 

which belongs to M n (3(N)'. Since A is affiliated with Z(M), we get that (5 is 
affiliated with M C\ f3{N)' . Finally, since R(S) = 5, we obtain that 5 is affiliated 
with M n a(N)' n f3(N)' . □ 

Let v' be a n.s.f weight on N such that there exist strictly positive operator 

it 2 

h and k affiliated with TV strongly commuting and [Dv' : Dv\ t = k~h lt for all 
i6l. By [VaeOlaj (proposition 5.1), it is equivalent to a"(h is ) = k ist K ls for 
all s,t € M and v' = Uh in the sense of |Vae01aj . This hypothesis is satisfied, in 
particular, if a v and a v commute each other. In this cas, k is affiliated with 
Z{N). 

Proposition 9.56. — There exists a n.s.f operator-valued weight T' L from M 
to a(N) which is (3-adapted w.r.t v 1 such that, for all t € M., we have: 

[DT' L :DT L ] t = P{k^h lt ) 

Proof. — By 19.41 there exists a n.s.f operator-valued weight Sl from M to 
0(N) such that v o or 1 o Tl — v o o Sl so that Sl is a-adapted w.r.t v. 
Then, again bv l9.4[ there exists a n.s.f operator- valued weight T' L from M to 
a(N) such that v' o /3 _1 o S = v o or 1 o T' L so that T' L is /3-adapted w.r.t u' . 
Then, we compute the Radon-Nikodym cocycle for all teK: 

[DT' L : DT L ] t = [Dv o a^ 1 o T' L : Bv o a" 1 o T L ]t 
= \Dv' o j3~ x o S : Dv o /T 1 -o S] t 

= 0([Dv' : Dv]*_ t ) = /3(k^h u ) 

□ 

Corollary 9.57. — We have: 

voct~ x oT' L = (voa^ 1 oT L ) i3(h) and v o a -1 o T' L = (y o aT x o T L ) a (h)f3(h) 

Proof. — Come from jVaeOlaj (proposition 5.1) and the following equality, for 
all t e E, [Dv 1 oa- 1 oT' L : DvocT 1 oT L \t = a{k^)f3(k^)a{h it )(3(h lt ). □ 

Proposition 9.58. — T' L is left invariant. 
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Proof. — Let a 6 MTp, . By left invariance of Tl, we have: 
{id * a v 1 o a' 1 o T' L ){T{a)) = {id * a v o oT 1 o l£)(T(a)) 

= /3*a (f o a^ 1 o T L ) f3(h) ){T{a)) 

= {id * a voa^o T L ){T{l3{h x ' 2 )ap{h}l 2 ))) 

= T L {P{h}l 2 )aP{h}i 2 ))=T'{a) 

□ 

We state the right version of these results: 

Proposition 9.59. — There exists a n.s.f right invariant operator-valued 
weight T' R which is a-adapted w.r.t v' such that, for all t £ K, we have: 

[DT' R :DT R ] t = a{k^h lt ) 

Moreover, we have: 

i/o/3 -1 oTjj = {vof3^ 1 oT R ) a(h) and v' o o T' R = {v o o T R ) aWPW 
Lemma 9.60. — TTie application I" defined by the following formula: 

V v' 

for all £ e H and 7] e D{ a H, v) n V{a{h 1 ' 2 )), is an isomorphism of /3{N)' — 
a{N)'° -bimodules from H p(& a H onto H p® a H . 

v v' 

Proof. — For all x £ J\f„< , we have: 

a(:r)a(/i 1/2 )?7 = a{xh ll2 )r) = R a '» {n)A„{xh 1/2 ) = R a ' u {ri)A v >{x) 

so that a(/i 1 / 2 )?7 G D{ a H,v) and R a ' v ' (a(/i 1 / 2 )r/) = R a > u {rf). Also, we recall 
that J v > = J u k~ i/8 J u k i/8 J u by [VaeOlaj (proposition 2.5). Then, we have: 

= {[3{J V , < a(/ l 1 / 2 )r ?1 ,a(/ l 1 /2) % J^/^/ 8 )^/^/ 8 )^ 
= (/3(fc- i; / 8 J,fc- 4 / 8 J,fc i; / 8 J, < rn,ri2 >* a , v J tf fc- i/8 J„fc </8 J tf fc i/8 )^i|6) 

= (/?(,/„ < 771, 772 = (£l ,3«>a ?7l|6 /3®a Tft) 

□ 
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Remark 9.61. — For all £ € D{Hp, if) and n e D( a H, v), we have: 

p® a r 1 )^P{k' t/ ^ p® a a{h 1 ' 2 )7 1 ^i fj ® a a{k- l ' & h 1 l 2 )T 1 

= /3«/2^ 1/2 ))£ ® a a{k-^) V = /3« /2 (fc- J / 8 / l 1 /2 ))e ® a v 

v' v' 

= P(k t/8 )C ® a a{<j v _ i/2 {h}' 2 ))r, = ^k^h 1 / 2 )^ 



Proposition 9.62. — Let (N, M, a, (3, T, v, T L ,T R ) be a adapted measured 
quantum groupoid. There exists a adapted measured quantum groupoid 
(N, M, a, /3,T, i/,T' L , T' R ) fundamental objects of which, R! , r' , A', 5' and P' , 
are expressed, for all t € M, in the following way: 

i) R! = R, A' = A and 5' = 5 

U) t[ = Ad _ W 2 it2 O T t = Ad a l\Du':Du]*)0([Dv':Dv] t ) ° T t 

ni) P' if = a(k^h* t )f3(k^h- it )J$a[k^h it )l3(k^h- u )J<s,P it 

Proof. — The existence of (N, M, a, (3, T, 1/ , T' L , T' R ) has been already proved. 
We put & = 1/0 a- 1 o T' L and = 2/ o /3' 1 a T' R . Let x, y € N T - R H Af 9 >. By 
[VaeOlaj (proposition 2.5), we have: 

JW»A*»(x) = J*a(fc- i / 8 )/3(fc i / 8 )J*a(fc i / 8 )/3(fc^ J / 8 )J*A*(xa(/i 1/2 )/3(/ l 1/2 )) 

^J^/A^fx) = w a(fc I / s )/3(fc- i / 8 )J s ,A 4 ,(KQ(/i 1 /2) / 3(/ii/2)) 

Then, we easily verify 

\/3,a,z/ jv' \{3,cx,i> 

A a(k i / li )f3(k~ i / >i )J^A^(xa(h 1 / 2 )f3(h 1 / 2 )) ~ l v A a(k i / S ) J^A* (xaQi 1 / 2 )) 

We compute: 

("va^o) f)* a id)(T(y*y)) 

v' 

= {w a {ki/*)p{k- i / % )J*ky(xQL(h x / 2 )P{hV' 2 )) P*a id)(T(y*y)) 

v' 

= ( w a(fc»/8),/ 1I ,A 4 ,( 2;Q (; i i/2)) 0* a id)(T(y*y)) 

V 

= ( w J*A*(x Q (fe-*/8hi/2)) 0* a id)(T(y*y)) 
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Apply R to get: 

R[(ujv,A„,(x) t3*aid)(T(y*y))} 

v' 

= (uj Mv} e+aidmaik^hV^xaik-^h 1 / 2 ))) 
= ( w a(fc-'/sfti/2) j4 , A4 ,( a ) $-k a id)(T(x*xj) 
= (w tt (fc./8)j 4 ,A„( !/[1 (/. 1 /2)) f3* a id)(T(x*x)) 

= ( W J*/A*,( V ) 0* a id)(T(x*x)) = &[(uj v ,Av,( x ) f3* a id)(T(y*y))} 

v' v' 

so that R = R'. For all a E M , £ e D(H@, and i e 1, we have: 

r t((^e /3* Q «d)(r(a))) 

I/' 

= r t (a(Ar*/ 8 /r 1/2 )(u; s p* a id)(r(a))a(fc 2/8 /^ 1/2 )) 

= a«(fc- i/8 ft- 1/2 ))r t ((a; 4 ^ l d)(r(a)))a«(fc l / 8 /i- 1 / 2 )) 

- ^(fc-*/ 2 - 4 / 8 ^- 1 / 2 )^-,^ * a id)(I>* (a)))a(fc-*/ 2+l / 8 / l - 1 /2 ) 

V 

By [VaeOlaj (proposition 2.4 and corollaire 2.6), we know that: 
(w A5 « s * a id)(T(a%(a))) 

= _«2 it2 .. /3* a id) (r (Ad lt 2 _ It 2 ocr* t (a))) 

so that: 

7t((w£ /3* Q id)(r(a))) 



= Ad it 2 o (a) it 2 id)(r(cr +(a))) 

= a(k^h- u )(i{k^h lt ){uJ A -u £ * a ^d)(^( ^ 7^(a)))a(fc i ^/ l ^^ )/3(fc^ i fc- ^t ) 

*' i/' 

= a(fcT d /i- J *)/3(fc^^*)r;((w c ^ Q id)(r(a)))a(fc^/i")/?(fc^/i _it ) 
Consequently, we have: 

r t '(z) = a(fc 1 #/i lt )/3(fc^/i-")T t (z)a(fc^/i- 4 *)/3(fc i #/i 1 *) 
for all z G M and f G R. Now, we compute the Radon-Nikodym cocycle: 
[Dp' oa- 1 of oR: Dv' o a" 1 o T'] t 
= [Dv'a^T'R : DvoT 1 TR] t {Dva~ 1 TR : Dvor 1 T] t [DvoT 1 T : Du'a^T'^ 

= a{[Dv' : Dv] t )P{\Di/ : Di>]*_ t )\^6 u a([Dv : Dv'] t )(3{[Dv : Dv']*_ t ) 
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it 

which is equal to X~S lt . Finally, we express the manageable operator P' in 
terms of P. Wc have, for all x £ Nt' l D WV and tel: 

P m Kv(x) = A'*/ 2 A^(r t '(x)) 

= A t / 2 A $ (a(fc 1 #/i 4 *)/3(fc^/i- Jt )r t (x)a(fc^/i- 4 *)/3(fc^/i l *)a(/i 1/2 )/3(^ 1/2 )) 

which is equal to the value of: 

A t / 2 a(fc^/i l *)/3(fc^^- Jt )J$a(fc 1 #/ l lt )/3(fc^/i- ri )a(A: t / 2 )/3(fc t / 2 )J <I , 
on K^(T t {x)a(h 1 / 2 )j3{h 1 / 2 )) and the value of: 

\ t ^ 2 a(k^-h tt )^(k^ 1 h- u ),Ua(k 1 ^h u )p(k^ 1 h- u ),h 
on A$(r t (xa(/i 1 / 2 )/3(/i 1 /2))) which is: 

a(k 1J ^h u )P(k^ 1 h- lt )J<s>a(k 1 ^h tt )(3(k^ 1 h- lt )J^P u A^(x) 

□ 

Thanks to these formulas, we verify for example that T t '(a(n)) = ct{o" (n)), 
r/(/3(n)) = /^(cr^ (n)) and r' is implemented by P'. 

PROPOSITION 9.63. — Let (N, M, a, (3, T, v, T L ,T R ) be adapted measured 
quantum groupoid and let Tl be an other n.s.f left invariant operator-valued 
weight which is (3-adapted w.r.t v. Then fundamental objects R, f, X, 5 and 
P of the adapted measured quantum groupoid (N, M, a, [3, T, v, Tl, Tr) can be 
expressed in the following way: 

i) R = R, f = t, A = A and P = P 

ii) 5 = <5a(/i)/3(/i _1 ) where h is affiliated with Z(N) s.t. Tl = (T^Wm 

Proof. — By uniqueness theorem, there exists a strictly positive operator h 
affiliated with Z(N) such that v o a^ 1 o T L = [y o a^ 1 o T L )pt h \ and, for all 
t £ E, we have [DT L : DT L ] t = P(h u ). We have already noticed that R and 
r are independent w.r.t left invariant operator-valued weight and /3-adapted 
w.r.t v. Wc compute then Radon-Nykodim cocycle: 

[Dvf3- l RT L R : Dvar x f L \ t 
= [Dvf3- l RT L R : Dzz/T 1 RT L R] t [D^ : D^Dvoi^Tl : DvoT x f L \ t 
= R([DT L : DT L ]* t )[D* : D$] t [£»T L : DT L ] t 
= a(h u )X^S u p(h- u ) = X^S u a{h u )(3(h- u ) 
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Then, it remains to compute P. If, we put $ — v o a 1 o T[, we have, for all 
t e K and x € Mf L n 

P lt A 4 (x) = X^A^iftix)) = A t / 2 A*(r t (x) / 9(/ l 1 / 2 )) = X^ 2 A^T t (xf3(h^ 2 )) 

= P it A*{x/3(h 1/2 ))=P it A i {x) 

□ 

Theorem 9.64. — Let (N, M, a, 0, T, v, T L ,T R ) and (N, M, a, (3, T, u', T' L ,T' R ) 
be adapted measured quantum groupoids such that there exist strictly pos- 
itive operators h and k affiliated with N which strongly commute and 

it 2 

[Dv' : Dv] t = k~h lt for all t 6 1. For all t £ 1, fundamental objects 
of the two structures are linked by: 

i) R' = R 

U) t[ = Ad ^ h & OT t = Ad a ({Dv>:Dv]t)l3{[D V >:Dv] t ) ° T t 

Hi) A' = A 

iv) 5' = 5 where S and 5' have been defined in proposition \9. 54] 
v) put = a {k^ h lt )(5(k^ h~ lt )J^ct{k^ h u )P(k=^- h- u )J 9 P u 

Proof. — We successively apply the two previous propositions. □ 

We summarize results concerning the change of quasi-invariant weight in the 
following theorem: 

Theorem 9.65. — Let (N, M,a, /3,T ,v,Tl, RoT^o R) be a adapted measured 
quantum groupoid. If v' is a n.s.f weight on N and h, k are strictly positive 
operators, affiliated with N , strongly commuting and satisfying \Dv' : Dv\ t — 

it 2 - 

k~h lt for all t £ K, then there exists a n.s.f left invariant operator-valued 
weight Tj, which is ^-adapted w.r.t v' . Moreover, if (N, M, a, (5, T, i/, T' L , T^) is 
an other adapted measured quantum groupoid, then, for all t € M, fundamental 
objects are linked by: 

i) R' = R 

il)r' t =Ad _«» ...„,.<£ , ° r * = Ad a ([ Du >. D u]*)P{[Du':Du] t ) °T t 
a(k 2 h- lt )[3(k 2 h") 

Hi) A' = A 

iv) 5' = d where S and 5' have been defined in proposition \9. 54] 
v) put = a {k % 4- h lt )(5(k^ / l - lt )J $Q (fc 1 # h it )j3{k^- h- u )J$P u 

9.4. Characterization. — In theorem l9.5H we explain how a adapted mea- 
sured quantum groupoid can be seen as a generalized quantum groupoid. But 
it is easy to characterize them among measured quantum groupoids. 
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Theorem 9.66. — A measured quantum groupoid is a adapted measured quan- 
tum groupoid if, and only ifj — a v if, and only if 5 is affiliated with Mf]a{N)' 'n 

Proof. — Straightforward. □ 

In general, we have not a duality within adapted measured quantum 
groupoid category that is the dual structure coming from measured quantum 
groupoid is not a adapted measured quantum groupoid anymore. We can be 
even more precise by characterizing dual objects of adapted measured quantum 
groupoids. 

Theorem 9.67. — A measured quantum groupoid is the dual of a adapted 
measured quantum groupoid if, and only if j t = o v _ t for al t G R. 

Proof. — Let us denote by M a measured quantum groupoid and by M its 
dual. By the bi-duality theorem and the previous theorem, M is the dual of a 
adapted measured quantum groupoid if, and only if M is a adapted measured 
quantum groupoid if, and only if 7_ t = 7t = °~t f° r au i G M. d 

Also, we can deduce a precise result concerning duality within adapted mea- 
sured quantum groupoids: 

Theorem 9.68. — For all adapted measured quantum groupoid {N, M, a, (3, Y, v, T^, Tr), 
the dual measured quantum groupoid is a adapted measured quantum groupoid 
if, and only if the basis N is semi-finite. 

Proof. — (N, M, a, 0, V) equipped with Tl et RoTl oR is a adapted measured 
quantum groupoid if, and only if there exists a nsf weight v on N such that, 
for all ( e 1, we have a v t — a^ t . In this case, v is a v invariant, so there 
exists a strictly positive operator h affiliated to the centralizer of v such that 
[Dv : Dv] t = h lt . Then, for all x <E N, we have o v _ t (x) = h il o v t (x)h~ lt and 
a -2t( x ) = h lt xh~ lt . Then a" is inner for all t G M and N is semi-finite by 
theorem 3.14 of |Tak03j . Conversely, if N is semi-finite, there exists a nsf trace 
tr on N and a strictly positive operator /isuch that v = tr{h.). So v = trQi -1 .) 
satisfies conditions. □ 



10. Groupoids 

Definition 10.1. — A groupoid G is a small category in which each mor- 
phism 7 : x — > y is an isomorphism the inverse of which is 7 _1 . Let 
the set of objects of G that we identify with {7 S G\-f 07 = 7}. For all 
7 G G, 7 : x — > y, we denote x — 7^7 = 3(7) we call source object and 
V = 77 _1 = r (7) we can range object. If G^ is the set of pairs (71,72) of G 
such that s(7i) = f (72), then composition of morphisms makes sense in G^ . 
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In |Ren80j . J. Renault defines the structure of locally compact groupoid G 
with a Haar system {X u ,u £ G^} and a quasi- invariant measure \x on G^. 
We refer to |Ren80| for definitions and notations. We put v — [io A. We refer 
to |Co79j and [ADROO for discussions about transversal measures. 

If G is tr-compact, J.M Vallin constructs in |Val96j two co-involutive Hopf 
bimodules on the same basis N = L°°(G{°>, (i), following T. Yamanouchi's 
works in Yam93], The underlying von Neumann algebras are L°°(G, v) which 
acts by multiplication on H — L 2 (G, v) and C{G) generated by the left regular 
representation L of G. 

We define a (resp. anti-) representation a (resp. (5) from N in L°°(G,v) 
such that, for all f £ N: 

«(/) = for and /?(/) = / o s 

For all i,j £ {a, /?}, we define G\ 2 J C G x G and a measure ufj such that: 

H i®j H is identified with L 2 (G^ } , i/f •) 

N 

For example, G^\ is equal to G^ and z/g Q to z^ 2 . Then, we construct a 
unitary Wq from if a ® a iJ onto H p® a H, defined for all £ £ L 2 (G£ 2 a, v\ a ) 

by: 

Wg£(«, *)=£(*,**) 
for i^ 2 -almost all (s,i) in G^. 

This leads to define co-products Tq and Tg by formulas: 

r G (/) = W G {1 a ® a f)W* G and fcik) = W* G (k p® a 1)Wq 

N N 

for all / £ L°°(G, v) and k £ £(G), this explicitly gives: 

r G (/)(M) =f(st) 

for all / G L°°(G, v) and z/ 2 -almost all (s,f) in G< 2 > , 

f^(L(/i))£(z,l/) = / Ms)^ 1 ^ 1 ^^) 

for all £ £ I/ 2 (gI 2 q, z-* 2 q ) , h a continuous function with compact support on G 
and z^ 2 Q -almost all in gI 2 1. Moreover, we define two co- involutions jo 

and j'g by: 

3G {f)(x)=f{x~ 1 ) 
for all / G L°°(G, v) and almost all x, 

ja{g) = Jg*J 
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for all g € C(G) and where J is the involution J£ = £ for all £ € L 2 (G). Finally, 
we define two n.s.f left invariant operator- valued weights Pq and Pg ; 

P G (f)(y)= [ f(x)d\ T <y\x) and = a(/| G{0} ) 

for all continuous with compact support f on G z^-almost all y in G. 

Theorem 10.2. — Let G be a a-compact, locally compact groupoid with a 
Haar system and a quasi-invariant measure [ion units. Then: 

(L°° (G<°> , fi), L°° (G, v), a, [3, Tq, h, Pg, JgPgJg ) 

is a commutative adapted measured quantum groupoid and: 

(G*°> , /x), £(G), a, a, f^, Pg^PgIg) 

is a symmetric adapted measured quantum groupoid. The unitary Vg — W G is 
the fundamental unitary of the commutative structure. 

Proof. — By [Val96] (th. 3.2.7 and 3.3.7), {L°°{G^, fi), L°°(G, v), a, /3, T G ) 
and (L°°(G{°} , //), £(G), a, a, Tq) are co-involutive Hopf bimodules with left in- 
variant operator-valued weights; to get right invariants operator-valued weights, 
we consider jaPcjc and JgPgJg ■ 

Since L ca (G,v) is commutative, Pq is adapted w.r.t [i by |Val96j (theorem 

3.3.4), a^ oa oP ° fixes point by point a(N) so that Pg is adapted w.r.t /i. 

Finally, for all e, /, g continuous functions with compact support and almost 
all (s,t) in G< 2 >, we have, bv lBTTBl 

(1 p® a JeJ)W G (f a ® a g)(s,t) =7(t)f(s)g(st) =T G (g)(f ® a e)(s,t) 

N M 

= (1 0<8>a JeJ)U H (f a® a g)(s,t) 
N A* 

so that we get = Wg- □ 

Remark 10.3. — In the commutative structure, modular function dv d and 
modulus coincide and the scaling operator is trivial. 

We have a similar result for adapted measured quantum groupoids in the 
sense of Hahn f |Hah78aj and |Hah78bj ): 

Theorem 10.4. — From all measured groupoid G, we construct a commuta- 
tive adapted measured quantum groupoid (L°° (G^ , /i), L°° (G, v), a, (3, Tq , /i, P G , jcPcjc) 
and a symmetric one (L°° (G^°\ /i), £(G), a, a,rG, H,Pg-, JgPgJg)- Objects 
are defined in a similar way as in the locally compact case. The unitary Vg is 
the fundamental unitary of the commutative structure. 
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Proof. — Results come from )Yam93| for the symmetric case. It is sufficient to 
apply in this case, technics of |Val96j for the commutative case and invariant 
operator-valued weights. □ 

Conjecture 10.5. — If (N,M,a,P,T,n,TL,T R ) is a adapted measured 
quantum groupoid such that M is commutative, then there exists a locally 
compact groupoid G such that: 

(N, M, a, 0, T, fi, T L ,T R ) ~ (L°°(G{°> , M ), L°°(G, u),a, 0, T G ,fx, P G ,j G oP G oj G ) 



11. Finite quantum groupoids 

Definition 11.1. — (Weak Hopf C*-algebras |BSz96j ) We call weak Hopf 
C*-algebra or finite quantum groupoid all (M,T, k,e) where M is a finite 
dimensional C*-algebra with a co-product T : M — * M <g> M, a co-unit e and 
an antipode n : M — ► M such that, for all x, y € M; 

i) r is a *-homomorphism (not necessary unital); 

ii) Unit and co-unit satisfy the following relation: 

(e <8> e)((x <g> l)r(l)(l ® y)) = e(xy) 

iii) k is an anti-homomorphism of algebra and co-algebra such that: 

- (ko*) 2 = i 

- (m(n ® id) ® id)(r ® id)r(x) = (1 ® cc)r(l). 
where m denote the product on M. 

We recall some results [NVOOj . |NV02j and [BNS99j . If (M,T,k,e) is a 
weak Hopf C*-algebra. We call co-unit range (resp. source) the application 
£t = m(id (X) k)T (resp. e s = m(n <8> id)T). We have k o e t = e s o k. There 
exists a unique faithful positive linear form h, called normalized Haar measure 
of (M, r, k, e) which is K-invariant, such that (id <E> h)(T(l)) = 1 and, for all 
i,i/G M , we have: 

{id®h){{l®y)T(x)) = n{{i®h){T(y)(l®x))) 

Moreover, = [h ® id)T (resp. E l h = (id ® /i)r) is a Haar conditional 
expectation to the source (resp. range) Cartan subalgebra e s (M) (resp. range 
£t(M)) such that h o E 1 ^ = h (resp. h o = ft,). Range and source Cartan 
subalgebras commute. 

By [Da03j, [Nik02j . and [Val03j . we can always assume that K^ e , M \ = id 
thanks to a deformation. In the following, we assume that the condition 
holds. 

Since ho n = h and net — e s n, we have ho e t = ho e s . 

Theorem 11.2. — Let (M,T,K,e) be a weak Hopf C*-algebra, h its normal- 
ized Haar measure, E^ (resp. E l h ) its source (resp. range) Haar conditional 
expectation and £t(M) its range Cartan subalgebra. We put N — e t (M), 
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a = id\jf, P — k\n, r the co-product T viewed as an operator which takes 
value in: 

M -k a M ~ (M <g> M) r(1) 

TV 

and n = hoa = ho(3. Then (N, M, a, /3, T, /x, J3L £^) is a adapted measured 
quantum groupoid. 

Proof. — a is a representation from N in M and, since K\ et rjj) ~ /3 is a 
anti-representation from A~ in M. They commute each other because Cartan 
subalgebras commute and k o e t = e s o n. For all n e JV, there exists m £ M 
such that n = et(m). So, we have: 

f(a(n)) = f(e t (m)) = r(l)(e t (m) ® l)r(l) = a(n) 1 

N 

Also, we have T(f3(n)) = 1 p® a f3(n) and T is a co-product. Then 

AT 

(JV, M, a, /3, T) is Hopf bimodule. Moreover, for all n G JV and t E M, we 
have: 

o-f^n)) = ^ (/?(«)) = ^°^(/3(n)) = o£" w G9(n)) 

= ^'r )0/, (n))=/9(^ t (n)) 

and E l h is /3-adapted w.r.t [i. Since 77^ = koE^ok, then £^ is a-adapted w.r.t 
fi. □ 

Theorem 11.3. — Let (JV, M, a, (3, T, v, Tl, Tr) fee a adapted measured quan- 
tum groupoid such that M is finite dimensional. Then, there exist T, k and e 
such that (M, T, n,e) is a weak Hopf C*-algebra. 

Proof. — By 12.31 we identify via Ip a , L 2 (M) ptgi a L 2 (M) with a subspace 

N 

of L 2 (M) ® L 2 (M). We put f(x) = I^ a T(x)(I% J*. By [WOl] (definition 
2.2.3), the fundamental pseudo-multiplicative unitary becomes a multiplicative 
partial isometry on L 2 (M) ® 7 2 (JV/) of basis (JV, a, /3, /3) by I = 7^ =lf(J^)* . 

I is regular in the sense of [ValQl] (definition 2.6.3) by 17.51 Moreover, if we 
put H = L 2 (M), then Tr H (R(m)) = Tr H (m) for all m e M because R is 
implemented by an anti-unitary, so Tr^ ° /3 — Tr^ o a = Tr^ o p and we 
conclude by [ValQl] (proposition 3.1.3). □ 

Remark 11.4. — With notations of section 12.31 k and S are linked by: 

n{x) = a(n 1 / 2 d^ 2 )P(n- 1 / 2 d- 1 / 2 )S(x)a(n- 1 / 2 d- 1 / 2 )f3(n 1 J 2 d 1 / 2 ) 
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12. Quantum groups 

Theorem 12.1. — adapted measured quantum groupoids, basis N on which is 
equal to C are exactly locally compact quantum groups (in the von Neumann 
setting) introduced by J. Kustermans and S. Vaes in |KV03| . 

Proof. — In this case, the notion of relative tensor product is just usual tensor 
product of Hilbert spaces, the notion of fibered product is just tensor product 
of von Neumann algebras and the notion of operator-valued weight is just 
weight. □ 



13. Compact case 

In this section, we show that pseudo-multiplicative unitaries of compact 
type in the sense of |Eno02j correspond exactly to adapted measured quantum 
groupoids with a Haar conditional expectation. 

Definition 13.1. — Let W be a pseudo- multiplicative unitary over N w.r.t 
a,P,j3. Let v be a n.s.f weight on N. We say that W is of compact type 
w.r.t v if there exists £ € H such that: 

i) £_ belongs to D(H f3 , v°) n D( a H, v) n D(Hp, v°)\ 

h) < €,£>fao=< £,£>«,,*=< f,£ >0,w= 1 

iii) we have W(£ 3® a v) — £ a®P V f° r an V S H. 

In this case, £ is said to be fixed and bi-normalized. We also say that W is 
of discrete type w.r.t v if W is of compact type. 

By [Eno02 (proposition 5.11), we recall that, if W is of compact type w.r.t 
v and £ is a fixed and bi-normalized vector, then v shall be a faithful, normal, 
positive form on N which is equal to uj^ o a — lo^ o (3 — oj^ o (3 and it is called 
canonical form. 

Proposition 13.2. — Let (N,M,a,j3,T) be a Hopf bimodule. Assume there 
exist: 

i) a n.f left invariant conditional expectation from E to a(N); 
ii) a n.f right invariant conditional expectation from F to /3(N); 
iii) a n.f state v on N such that v o or 1 o E = v o o F. 

Then (N,M,a,l3,T,v,E,F) is a adapted measured quantum groupoid. 
Moreover, if R, r, A and S are fondamental objects of the structure, then we 
have F = R o E o R and X = 5 = 1. Finally, A J/OQ ,-i oB (l) is co-fixed and 
bi-normalized, and the fundamental pseudo-multiplicative unitary W is weakly 
regular and of discrete type in sense of [Eno02j (paragraphe 5). 
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Proof. — For all i £ R and n 6 N, we have: 

of (f3(n)) = «7r a_loB C9(n)) = of""^^)) = /3(<r* t (n)) 
Also, we have: 

of (a(n)) = ar rl ° F (a(n)) = ar a "° E {a{n)) = ««(»)) 

so that {N,M,a,j3,T,v,E,F) is a adapted measured quantum groupoid. By 
definition, we have: 

\Dvoa~ 1 oEoR:Dvo oT 1 o E] t = S U 

On the other hand, since v o or 1 o E = v o /3 _1 o i* 1 and by uniqueness, there 
exists a strictly positive element h affiliated with Z(N): 

[Dv o a" 1 o £ o R : Dv o a" 1 o £?] t = [Di? o E o R : DF] t = a(h lt ) 

We deduce that A = 1 and 6 = a(h), so a(/i" 1 ) = = R(S) — (3(h) and by 
|Eno00j (5.2), we get h = 1. 

We put $ = z/ o a" 1 o J5. If (6)ie/ is a (A°, ^°)-basis of (Hq)p then, for all 
veD(H fj ,v°): 

U H {v a ®0 A$(l)) = ^(.^((w,,^ ^* tt irf)(r(l))) 

= /3®a «(< U,& >/3, 1/ °)A$(l) = V /3® a A$(l) 

It is easy to see that A$(l) belongs to D((iJ$)a, n D( a H<$>, v) and satisfies 
< A$(l), A$(l) >p u a=< A$(l), A$(l) > a ,u= 1 so that, by continuity, we get 
Uh(v a ®p A$(l)) = u p® a A$(l) for all v € H i.e A$(l) is co-fixed and 

bi-normalized. Since v o a^ 1 o E = $ = f o /3 _1 o F, we have by 13.61 for all 
n e AC: 

p(n*)A*(l) = /3(n*)J$A*(l) = J< E ,A F (l)A 1/ (n) 

so that A$(l) is /3-bounded w.r.t and R () ' v ° (A$(l)) = J*Air(l)J„. Conse- 
quently, A$(l) is bi-normalized and W is of discrete type. □ 

Corollary 13.3. — Let W be a weakly regular pseudo-multiplicative unitary 
over N w.r.t a, (3, (3 of compact type w.r.t the canonical form v. If £ a fixed 
and bi-normalized vector, we put: 

i) A the von Neumann algebra generated by right leg ofW; 
ii) T(x) = a v oW(x a ®f3 l)W*a v for all x G A ; 

Hi) E = (ujf: id) o r and F — (id £* Q lu^) o I\ 
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Then (N, A, a, (3, V , v, E, F) is a adapted measured quantum groupoid such that 
E and F are n.f conditional expectations. Moreover, if R, r, A and 6 are the 
fundamental objects of the structure, we have F = R o E o R, A = <5 = 1 and 
the fundamental unitary is W . 

Proof. — By jEVOOj (6.3), we know that (N, A, a, [3, T) is a Hopf bimodule. By 
|Eno02] (theorem 6.6), E is a n.f left invariant conditional expectation from A 
to a(N). By |Eno02 (propositions 6.2 and 6.3), F is a n.f right invariant condi- 
tional expectation from A to @(N). Moreover, we clearly have ui^o E = ui^o F 
so that v o a~ x o E — v o o F. We are in conditions of the previous propo- 
sition an we get that (N, A, a, (3, T, is, E, F) is a adapted measured quantum 
groupoid, F = R o E o R and A = 5 = 1. Finally, by |Eno02] (corollaire 7.7), 
W is the fundamental unitary. (More exactly, it is a v oW*u v where W 8 is the 
standard form of W in th sense of |Eno02j (paragraph 7)). □ 

The converse is also true and so we characterize the compact case: 

Corollary 13.4. — Let(N,M,a,[3,T) be a Hopf bimodule. We assume there 
exist: 

i) a co-involution R; 

ii) a n.f left invariant conditional expectation from E to a(N). 

Then there exists a n.f state v on N such that (JV, M, a, (3, T, v, E, Ro Eo R) is 
a adapted measured quantum groupoid with trivial modulus and scaling operator 
and the fundamental unitary of which is of discrete type w.r.t v. 

Proof. — We put F = R o E o R which is a n.f right invariant conditional 
expectation from M to j3(N). We also put: 



E = E mN) : [3{N) 
We have, for all m € M; 

FE(m) p® a 1 = 



(F p* a id)(E(m) 1) 



a(Z{N)) and F = F ]a{N) : a{N) -» (3{Z{N)) 



N 




N N 



(id p-k a E)(F j}-k a id)T(m) 



N N 



(id fi-k a E)(l f3® a F(m)) = 1 ® a EF(m) 



N N N 



so, if FE(m) — (3(n) for 



some n G Z(N), then EF(m) = a(n). Moreover, we 



have: 



EF(m) ® a 1 



EF(m) ® a 1 = (id * a E)T(F(m)) 



N 



N N 



(id * a E)(l ® a F(m)) = 1 ® a EF(m) 



N N N 
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so that a(n) — (3(n). Consequently EF(m) = FE(m) and EF = FE is a n.f 
conditional expectation from M to: 

N = a({n G Z(N),a(n) = (3{n)}) = (3({n e Z(N),a(n) = /3(n)}) 

Also, we have = id. So, if w is a n.f state on N, we have tvoEo f3 — tuoFoa 

and v = ojoEof3 = uioFoa satisfies hypothesis of 113.21 then, corollary 
holds. □ 

COROLLARY 13.5. — Let (N, M,a, /3,T,v,Tl,Tr) be a adapted measured 
quantum groupoid such that Tl is a conditional expectation. Then there exists 
a n.f state v' on N such that <j v = a v and the fundamental unitary is of 
discrete type w.r.t v' . 

Proof. — Let R be the co-involution. By the previous corollary, there exists 
a n.f state v' on N such that (N, M,a, (3,T , z/ ,T L , R o T L o R) is a adapted 
measured quantum groupoid. Since Tl is /3-adapted w.r.t v and v' , we have 
a v = a". We easily verify that the fundamental unitary of the first structure 
coincides with that of the last one which is of discrete type w.r.t v' by the 
previous corollary. □ 



14. Quantum space quantum groupoid 

14.1. Definition. — Let M be a von Neumann algebra. M acts on H = 
L 2 (M) = L 2 {M) where v is a n.s.f weight on M. We denote by M' , (resp. 
Z(M)') the commutant of M (resp. Z{M)) in C{L 2 (M)). Let tr be a n.s.f 
trace on Z(M). M' * M = M' ® M acts on L 2 (M) ® L 2 (M). There 

Z(M) Z(M) tr 

exists a n.s.f operator-valued weight T from M to Z(M) such that i> = tr o T. 
Let a (resp. /3) be the (resp. anti-) representation of M to M' ® M such 

Z(M) 

that a(m) = 1 ® m (resp. f3(m) = j(m) ® 1) where j[x) = J v x* J v for 

Z(M) Z(M) 

all x £ C(Ll(M)). 

Proposition 14.1. — The following formula: 
I : [L 2 (M) <g> L 2 (M)] £® a [L 2 (M) <g> L 2 (Af)] -> L 2 (M) <g> L 2 (M) <g> L 2 (M) 

tr ^ tr tr tr 

[A„(2/) (g) 77] ^(gia S i-> a(y)S ® 77 
/or a// 77 G i 2 (Af),S 6 L 2 (M) ® L 2 (M) and y 6 M, defines a canonical 

tr 

isomorphism such that we have I([m <g> z] ^(8> a Z) = (a(M)Z 2)/, /or 

Z(M) k Z(M) 

allme M, z £ Z(MY and Z e C(L 2 (M)) * M'. 

Z(M) 

Proof. — Straightforward. □ 
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We identify (M' <g> M) * a (M' <g> M) with M' <g Z{M) <g M 

Z{M) M Z(M) Z{M) Z(M) 

and so with M' ® M. We define a normal *-homomorphism V by: 

Z(M) 

M' <g> M — > (M' <g> M) ,3* Q (M' <g> M) 

Z(M) Z(M) Z(M) 

n ® mH/*(ti ® f ® to)/ = [1 ® m] «® a [n ® 1] 

Z(M) Z(M) Z(M) Z(M) v Z(M) 

r is, in fact, the identity trough the previous isomorphism. 

Theorem 14.2. — // we put T R = id * T and R = s Z (M) ° (?' ® j), then 

z(M) y ' Z{M) 

{M, M' ® M, a, P, r, v, RoTroR, Tr) becomes a adapted measured quantum 

Z(M) 

groupoid w.r.t v called quantum space quantum groupoid. 

Proof. — By definition, T is a morphism of Hopf bimodule. We have to prove 
co-product relation. For all to <G M and n <G M' , we have: 

(r B* a id) o T(n ® to) = [1 <g to] fl® Q [1 <g 1] a® a [n ® 1] 

v Z(M) Z(M) v Z(M) y Z{M) 

= {id Q-k a T) o T{n ® to) 
z(M) 

Now, we show that Tr is right invariant and a-adapted w.r.t v. So, for all 
to e M,n e M' and £ € D{ a {L 2 {M) <g> L 2 (M)),j/°), we put $ = 1/0^0^ 

tr 

and we compute: 

wt ((* ^j* Q zd)r(n (g) to)) = s* Q wc)([l <g> to] «® a [n <g> 1])) 

y Z(M) „ Z(M) y Z(M) 

= *([1 ® to]/3(< [n ® 

Z(M) Z(M) 

= i/(<[n <8> T(m)]£,£ > Q ,„) 

Z{M) 

= ut{n <g> T(m)) = uje{T R {n <g> to)) 

Z(M) Z(M) 

Finally, we have for all tet: 

Tr _ Z(M) _ Z{M) 

G t — a t |(M' <g> M)n/3(M)' — 0* |(M' (g> M)n(M * C(L 2 (M))) 

Z(M) Z(M) Z(M) 

v' -k V 

Z( M) / . j u\ _. u 

= °~t \Z(M) ® M = {Id <g <J t ) M ig, M = 1 ® &t 

z(M) Z(M) z{M) Z(M) 

so that o-J R o a{m) = 1 (g) ct^to) = a(cr t l/ (m)) for all i e K and to G M. 

Z(M) 

Since it is easy to see that R is a co-involution, we have done. □ 
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14.2. Fundamental elements. — By I3.16[ we can compute the pseudo- 
multiplicative unitary. Let first notice that $ = v' * v = if? so that A = S = 

Z(M) 

1 and: 

a = l (g) id,a = id (g) l,/3 = j ® 1 and /3 = 1 ® j 

Z(M) Z(M) Z(M) Z(M) 

For example, we have D((H ® iJ ) a ^ ) D if ® -D(-Hj, v°) = H ® A l/ (7V„) and 

tr tr tr 

for all n G if and y G J\f v , we have ^'""(n <g> A„(#)) = A* r f?^>° (AJy)) = X* r y. 

tr ' ' 

Lemma 14.3. — We have, for all rj G H and e G J\f v : 

^4>A„(e) = KM* z f M) 1 ond IX^ M = #(1 ® m y) 

Proof. — Straightforward. □ 
Proposition 14.4. — We have, for all E e H H,rj e H and m € M v : 

tr 

W*(E Q ®a (r) <g> A u (m))) = I*(t) <g> (1 <g> m)S) 

y / tr tr Z(M) 

Proof. — For all to, e G AC and to', e' G A/^', we have by the previous lemma: 

= (to' ® 1 ® m)Aj , A l[e ,\J v eJ v ® 1 

" " v ; Z(M) 

= ^J u ,e'J, y ,A, j(m>)JveJ v <g> TO 
" " v J Z(M) 



On the other hand, we have bv 114. II 



7([1 ® 1] [J^e'J^ ® ^eJ v ])W*p^ (m/)0A (in/) 

Z(A'i) Z{M) tr 



Then, bv 13.161 and taking the limit over e and e' which go to 1, we get for all 
H G H ® if: 

tr 

W*(S „<g)A (A^(m') <g> A v (m))) =/*(A l/ /(m / ) <8> (1 ® m)S) 

„o tr tr Z(M) 

Now, if 3 G D( a (H ® H),v), by continuity and density of K v i{M v i) we have 
for all 3 G D( a (H ® H), v): 

tr 

W*(S Q ®s(tj0A v (m)))=f())0(l ® to)3) 

/ tr tr Z(Af) 
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Since 77 ® A v (m) G D((H ® if) a „„), the relation holds by continuity for all 

tr tr 

EeH (g> H. □ 



Remark 14.5. — If a tr is the flip of L 2 {M) ® L 2 (M), then cr tr o /3 = /3 o cr tr 

tr 

and if /' = (1 ® crtr)I(&tr a®a [1 <8> l])ov°, then /' is the identification: 

Z(M) P v Z(M) 

I 1 : [L 2 (M) <g> L 2 (M)} a ®~ [L 2 (M) <g> L 2 (M)} -» L 2 (M) ® L 2 (M) ® L 2 (M) 

tr J tr tr tr 

H /3® Q [77 ® A„(j/)] i-> t\ ® a(y)S 

v tr tr 

for all t) G L 2 (M),E £ L 2 (M) <g> L 2 (M) and y G M. Consequently, by the 
previous proposition W* = 1*1'. 

Corollary 14.6. — We can reconstruct the von Neumann algebra thanks to 
W: 

M' ® M=<{id*u iv ){W*)\^&D{{H®H) n ,v°),r}&DUH®H),v)>- w 

Z(M) ' tr p tr 

Proof. — By 13.231 we know that: 

< (id*uJ (ri )(W*)\£€ D((H ® H)z,v°,ri€ DUH ® H),v) >" W C M' <g> M 

tr p tr Z(M) 

Let rj,£ E H and m, e <G A^. Then, for all Hi, H2 G H gj if, we have bv ll4.3l 

tr 

((id * W^ (gl A^( m )^ ( g 1 j i/ A„(e))(W / *)Hl|H2) 

tr tr 

= (W*(Hi a ® B [r] ® A„(m)])|H 2 ? 8„[(0JA(e)]) 
= (J* (17181(1 <g> m)Hi)|H 2 /3<H)a K ® Jv^u(e)]) 

tr Z(M) v tr 

= (r? (8) (1 ® m)~i|£ <g> (J^eJ^ ® 1)H 2 ) 

tr Z(M) tr Z(M) 

= ((< 77, £ > 4r J^e* J v % m)Hi|H 2 ) 
Consequently, we get the reverse inclusion thanks to the relation: 

(id*u v(SAiy{mhe(s j iyA ^ e ))(W*) =< r],£ > tr J v e*J v <g> m 

tr tr Z(M) 

□ 

Now, we compute G so as to get the antipode. 
Proposition 14.7. — If F v = S* comes from Tomita's theory, then we have: 

G = a tr o [F v <g> F v ) 

tr 
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Proof. — Let a = J u a\J l , ® a 2 ,b = J v b\J v ® b 2 ,c = J v c\J v ® c 2 and 

Z(M) Z{M) Z(M) 

d=J v diJ v <g> d 2 be elements of M' (g) M analytic w.r.t v' * v. Then, 

Z(M) Z{M) Z(M) 



byCGEl the value of (A 



*W* on 



A^«/ 2 ( b i))« lA -( CT -i( b 5)) ; 

' tr 

\K v i{J v axJ v ) <g> A„(a 2 )] a ®jj [K v i{J v d\c\J v ) ® K u (d 2 c* 2 )\ 



is equal to 



* 

(A 1/ /(J 1/ dJc*J I/ ) ® A u >(J u aiJ u ) ® A^fdijcjaa)) 
=< ^c|A !/ (a 2 ),A I/ (o-!: i (6^)) > tr A„/ (J w d*cJ J^) ® cr^ /2 (&t)A^(J„ai J„) 
= < A„ (0262)^^(02 d 2 ) >tr J v ^u{d\c\) ® J v A I/ (ai6i) 



Consequently, by definition of G: 



G 



< A„(a 2 b 2 ), A„(c 2 d 2 ) > 4r J^A^c^c*) ® J I/ A„(ai6i) 



is equal to the value of G{X^ a ^ (bi)) ^ AAaV _ i(b . a)) )* W* on: 

[A^J^aiJ,,) <8> A„(a 2 )] a ®g [K'{J v dlc[J v ) ® A u (d 2 c* 2 )] 

tr J tr 

which is equal to the value of (a£» ^^A^.rdj)))*^ on: 

[A^(J„ci J„) ® A„(c 2 )] q ®a [A v /(J^6*a* Ji/) ® K(b* 2 a* 2 )} 

tr „ tr 

This last vector is < A l/ (c 2 d 2 ), A l/ (a 2 6 2 ) > tr Ji/A„(6*a*) (8 J I/ A !/ (cidi). Since 

tr 

G is closed, we get: 



G 



J v K{,d\cl) ® ^^(ai&i) 



J^A^aJ) ® J^A^cidi) 

£r 



so that G coincides with at r {F v ® F v ). 



□ 



The polar decomposition of G = ID 1 / 2 is such that D — A„ 1 ® A y 1 and 
-f = o~tr{Jv ® Jv) so that the scaling group is 7* = o v _ t * erf for all t G M and 

tr Z(M) 

the unitary antipode is R — SzfM) (j ® i)- We also notice that v' -k v 

Z(M) Z(M) 

is r-invariant. 
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Remark 14.8. — If M is the commutative von Neumann algebra L°°(X), 
then the structure coincides with the quantum space X. 

14.3. Dual structure. — Here we compute the dual structure and we ob- 
serve that this is not of adapted measured quantum groupoid's type. 

Proposition 14.9. — For all e,y e N v and r],( e H, we have: 

tr tr Z(M) 

Proof. — For all 5 e H <g> H, £ e H and to e AC, we have: 

tr 

((vA„(y)® v ,c®j„A„(e) * id)(W)E\£ <g> A„(m)) 

tr tr tr 

= ([K(y) <8> r?] ^®aS|W*([C®J v A v (e)] AK®A»])) 

tr „ tr ^ tr 

= ((1 <g> j/)S <g> r?|^ <g> C ® mJ v A„(e)) = (S <g> <g> y*C ® J v eJ v k v {m)) 

Z(M) tr tr tr tr tr tr 

= ((1 <g> pl r )S|(l <g> a tr p% c JueJ v ){£, ® A„(m))) 

Z(M) ' Z(M) " s tr 



((1 <g) J I/ e*J„(pf )V tr p* r j/)S|$ <g> A„(m)) 

Z(M) tr 



□ 



Corollary 14.10. — We have M' ® M = 1 <g> Z(M)' w/wc/i is idenfc!- 

Z(M) Z(M) 

/led wtft Z(M)'. 

Proof. — We already know that a(M) U (3(M) C M'"^0~~ M so that 1 <g> 

Z(M) Z(M) 

Z(M)' C M' ® M. The reverse inclusion comes from the previous proposi- 

Z(M) 

tion.. □ 
With this identification between 1 <g> Z(M)' and Z(M)', the dual struc- 

Z(M) 

ture admits M for basis, id for representation and j for anti-representation. 
The dual co-product necessarily satisfies T(mn) = to j®id n for all to G A'/ 

and n € M'. If is the canonical isomorphism from L 2 (M) j®id L 2 (M) onto 

L 2 (M) given by I v {A. v {x) j<g>id rf) = a(x)r) for all x e AC and 77 e L 2 (M), then 

we have I„(to n) = mnl v and we can identify the von Neumann algebra 

M' (3-k a M with Z(M) and the von Neumann algebra Z(M)' * a Z(M)' with 

M M 

Z(M)' . The dual co-product is then identity through this identification. 
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Lemma 14.11. — We have A((w- A r m )®j a m * id)(W)) = (m* <g> 

' ' tr " ' Z(M) 

J v e*J v )E for all m, e € M v et S e D({H ® H)p, v°). 

tr 

Proof. — Let mi,ro2 G A/^. Then, we have: 

,A„(m)(g)J„A„(e) * 

id)(VK))|A„/(J^TOiJ l/ ) <g> A„(m 2 )) 

tr Z(M) 

= w H.A„(m)«iJ„A„(e)(^i'Wi J v ® m* 2 ) 
' tr Z(M) 

= {{J v m\J v <8> m* 2 )E\A u (m) <g> J v A v (e)) 

Z(M) tr 

= (E\mJ v A u (mi) ® J v eJ v A v (m-2}) 

tr 

= ((m* ® J^e* J, y )S|A l/ /(J, y mi J„) <g> A„(m 2 )) 

Z(Af) «r 



□ 



Proposition 14.12. — The dual operator-valued weight Tr coincide with T 1 
m sense of proposition 12.11 of Str81 . ylfeo, £/ie duaZ operator-valued weight 
Tl coincide with j o T^ 1 o j. 

Proof. — Via the identification between M' (8 M and Z(MY, we have, by 
proposition 114.91 

(wH,A„(m)®j„A„(e) *id)(W) = J v e* J v [{pf)* "cr tr p^]y 
Let to, e, y € AO and rj G H. On one hand, we compute: 

l|A(K ,^(y)«>r/,A„(m)<gi,/„A„(e) * «0(WO)|| 2 = \\m*A v (y) ® J v e*J v r)\? 

tr tr tr 

= (< J v e*J v 'q, J u e*J u r) > tr A v {m*y)\A v {m*y)) 
On the other hand, we have: 

l|A(K !,(3/)<g>?7,A„(m<g> J„A„(e) * 

= * ( (p£e* ./„»))* ^irPA^ (y'm) (/>A„ (y'rn) ) * a trP t J v e * j uV ) 

= H(p% e * JuV y[e tr {Av(y*m),A v (y*m)) ® l^W 

Z(M) 

= $(< J v e*J v j],J v e*J v r) > tr O tr (A u (y*m), A u (y*m))) 
Then we conclude that, for all m, y g AC, we have: 

$(^(A„( 2/ *m),A t ,(y*TO))) = ||A,(m*y)|| 2 = | jA; 1 / 2 J,A v (j/*m)| | 2 
= u'(e v (J u A v (y*m), J v A„{y*m))) = v' o T~ 1 {6 tr {J v A v {y*m), J v A v {y*m))) 
= uo ] oT- 1 o j(6 tr (A v (y*m)), A v {y*m))) 

Therefore Tl = jo T _1 o j and we get the proposition. □ 
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Proposition 14.13. — The dual quantum space quantum groupoid can be 
identify with (M, Z{M)' , id, j, v, id, j o T^ 1 o j, T _1 ) which is a measured quan- 
tum groupoid but not a adapted measured quantum groupoid. Moreover, ex- 
pressions for co-involution and scaling group are given, for all x £ Z{M)' and 
t £ R: 

R(x) = J„x*J v and f t {x) = A^xA~ u 

Proof. — The proposition gathers results of the section. Nevertheless we lay 
stress on the following point. We have, for all t £ K and m £ M: 

of (m) = a T t {m) = o v _ t {m) 

instead of a"{m) to have a adapted measured quantum groupoid. □ 

Remark 14.14. — If M is a factor, C(H) is the von Neumann algebra under- 
lying the structure of quantum space quantum groupoid whereas M' <g) M is 
the underlying von Neumann algebra of the dual structure. In general, they 
are not isomorphic. Nevertheless, if M is abelian or if M is a type I factor 
(and henceforth a sum of type I factors cf . paragraph 117. ip , the structure is 
self-dual. In the abelian case M = L°°{X), we recover the space groupoid X. 
This example comes from the inclusion of von Neumann algebras ([EnoOOj): 

Z{M) CMC Z(M)' d ... 



15. Pairs quantum groupoid 

15.1. Definition. — Let M be a von Neumann algebra. M acts on H = 
L 2 (M) = Ll(M) where v is a n.s.f weight on M. We denote by M' the 
commutant of M in £(L 2 {M)). M' ® M acts on L 2 (M) ® L 2 (M). 

Let a (resp. (3) be the (resp. anti-) representation of M to M' ® M such 
that a{m) = 1® m (resp. (3(m) = j(m) (8 1) where j(x) = J v x*J v for all 
x £ C{L 2 {M)). 

Proposition 15.1. — The following formula: 
I : [L 2 {M) ® L 2 {M)\ p® a [L 2 (M) ® L 2 {M)\ -> L 2 (M) ® L 2 (M) <g> L 2 (M) 

[A„(y) <8> 77] /3® Q S i-> a(y)S <g> 

for all j] £ L 2 (M),E £ L 2 (M) L 2 (M) and y £ M, defines a canonical 
isomorphism such that we have I([m <g> x] p&a [y ^]) = (y wwi ® sc)i, /or 

a/Z m£ M,n£ M' and x,y £ C{L 2 (M)). 

Proof. — Straightforward. □ 
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Then, we can identify (M' <g> M) p* a (M' (g) M) with M' <g> Z{M) ® M. We 

M 

define a normal *-homomorphism T by: 

M'®M-> (M' <g> M) * a (M' ® M) 

V 

n®m^rl*(n®\® m)I = [l®m] ^(HIq, [n (g> 1] 
Theorem 15.2. — (M,M' <g> M,a,(3,Y,v,v' ®id,id®v) is a adapted mea- 

Z(M) 

sured quantum groupoid w.r.t v called pairs quantum groupoid. 

Proof. — By definition, T is a morphism of Hopf bimodule. We have to prove 
co-product relation. For all to £ M and n £ M', we have: 

(r -k a id) o T(n <g) m) = [1 ® m] [1 ® 1] /3<8> Q [n <g> 1] 
= (id r) o r(n ® m) 

R = <r o (/3„ (gi /?;,), where ^ : M' ® M — > M ® M' is the flip, is a co-involution so 
it is sufficient to show that Tl — v' ' ® id is left invariant and /3-adapted w.r.t v. 
Let to £ M,n£ Af and f G L>((L 2 (M)®L 2 (M)) / 5, l/ o). We put $ = J/oa^oTt, 
and we compute: 

w ? ((id $)r(n ® m)) = /3* Q id)([l ® m] p® a [n®l})) 

= $([n <g> l]a(< [1 <g> m]£, £ >/J,^)) 

= i/(n)i/(< [l®m]C,C >p,„o) 

= i/'(n)oj^(l ® m) = Lu^(T L (n ® to)) 

Finally, we prove that Tjj = R o Tl o R = id ® is is a-adapted w.r.t z/. For all 
i € R, we have: 



t" — a t " |(Af'®Af)n/3(Af)' — |Z(M)®M — id® \z(m)®m 

so that we have for all i G R and m £ M: 

<jJ R o a(m) = 1 ® (j^(to) = a(crJ / (TO)) 

□ 

Remark 15.3. — If M = L°°(X), we find the structure of pairs groupoid 
X x X. 

15.2. Fundamental elements. — By 13.161 we can compute the pseudo- 
multiplicative unitary. Let first notice that $ = v' ® v — ^ so that A = S = 1 
and: 

a = 1 ® id, a = id ® l,/3 = & ® 1 and = 1® V 
For example, we have ®H)^ v0 )Z)H® D(Hj3 u ,v°) = H <g) K V {N V ) and 

for all 77 G i? and y G 7V„, we have R^ v " {-q ® K v (y)) = X V R^ "° (A„(y)) = A r) y. 
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Lemma 15.4. — We have, for all r) e H and e € M v : 

tp^JvAAe) = X V J " eJ v ® 1 and IX AAy)®r, = Pni 1 ® V) 

Proof. — Straightforward. □ 

PROPOSITION 15.5. — We have, for all E e H H,rj e H and me M v : 
W*(E a ®p(r]®A v (m)))=I*(r](g>(l(g>rn)E) 

v° 

Proof. — For all m, e £ M v and m',e' G A/1// , we have by the previous lemma: 
ir(m' m)p^ ((e , )8Ji/Aiy(e) = (m' 1 m)Jp^, (e , )0 ^ A>/(e) 

= (m' 10 m)\j v ,K v ,( e >)J v eJ u 1 

= X J u ,e'J v ,K„,{m')Jv e Jv W 

On the other hand, we have b v 115.11 

/([l ® 1] [J v >e'J v , ^eJ^DWp^J^jg,^,^,) 

1/ 

= (J„,e'J u , J„eJ„ l)/WV^ (m08A „ /(m ;j 

Then by 13. 161 and taking the limit over e and e' which go to 1, we get for all 

EeH(g>H: 

W*(E a ®p (A I/ /(m')0 A„(m))) = /* (A^(m') (1 m)H) 

Now, if S 6 D( a (H ff), i/), by continuity and density of A„/(A/"„'), we have 
for all 5 e D( a (H H),v): 

W*(E a (g>p (?7 A„(m))) = /*(?7 (l0m)S) 

Since ?7 A„(r7j) € D((H iJ)^ y0 ), the previous relation holds by continuity 
for all 3 G H H . □ 

Remark 15.6. — If a denotes the flip of L 2 (M) L 2 (M), then a o (3 = (3o a 
and if V = (1 o)I{a s0 Q [1 l])er„°, then 7' is the identification: 

J' : [L 2 {M) L 2 (M)] ^ [L 2 {M) L 2 (M )] -> L 2 (M) L 2 (M) L 2 (M) 

V° 

E {3® a [n ® k v (y)] ^ n ® a{y)E 

for all r) e L 2 (M),E E L 2 (M) L 2 {M) and y £ M. Consequently, by the 
previous proposition W* = 1*1'. 
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Corollary 15.7. — We can re-construct the underlying von Neumann alge- 
bra thanks to W: 

M' ®M =< {id*uJ S , v )(W*)\£e D({H (g H)- ,v°),r] £ D( a (H <g H),v) >~ w 
Proof. — By 13.231 we know that: 

< (id*uJ Lv )(W*)\^£ D((H <g> H)^v° ,77 £ D( a (H <g> H),v) >~ W C M' ® M 
Let rj,t; £ H and m, e £ J\f v , Then, for all 3i, S 2 £ H ® H, we have, bv ll5.41 

((id * W, g ,A„(m),£®J„A 1/ (e))(W*)Sl|32) 

= (W*(3i 77® A„(m))|E 2 ^„(0 W„(e)) 
= (/* (77® (l®m)3 1 )|3 2 f a ^JA(e)) 

= (77® (l(gm)Si|£(g {J v eJ u ® 1)3 2 ) 
= (»7|0((«^e*J„®m)Hi|Ha) 

Consequently, we get the reverse inclusion thanks to the relation: 

(13) (^* W 77®A„(m),i®J„A„(e))(^*) = ^^(J^e* ,/„ <g m) 

□ 

Now, we compute G so as to get the antipode. 

Proposition 15.8. — If F v = S* comes from Tomita's theory, we have: 

G = a{F v ®F v ) 

Proof. — For all a = J v a\J v <£> 02,6 = J v b\J v ® & 2 ,c — J v c\J v (g c 2 and 
d — J v d\J v (g d<x be analytic elements of M' (g M w.r.t v 1 (g z/. Then, bv ll5.41 
we have: 



( A A:K /2 (6 1 ))®A 1/ ( < r!l i (6S)))* W '*( A -'®-( a ) J„ ® rf^)c*)) 

( A A^ /2 (6 1 ))0A I ,( o -- i (fe|)))* 7 *( A '''( J '' rf * C * J i') ® (1® rf2 c 2) A ^'^(a)) 

PA„( C 7i i (b*))(l <g </ 2 ( & i)) (A^J^eJJ,,) <g> (1 <g> d 2 c 2 )A I/ / !8lI/ (a)) 
(d;c*A 1/ (a 2 )|A l/ (^ 4 (6*)))A^(J l/ d*ctJ^)(ga , : i/2 (6t)A^(J 1 ,aiJ 1 ,) 
v{d* 2 c* 2 a2b2) J u K lJ {d* 1 c* l ) (g J„A„(ai&i) 
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Consequently, by definition of G, we have: 
G [v(d* 2 c* 2 a 2 b 2 ) J v K v {dlc* x ) <8> J„A„(ai&:i)] 
= G ( A Al Q (</2( fc i))» A -( CT -.( f> 2)))* Vt/ *( A,y '^( a ) a ®P K>®v{{JvdlJ v ® dl)c*)) 

= ( A Ma{'/.(*))8lA„{^ 4 (dS)))* Wr *( A >''®>'( C ) ^W(( J ^ J " ® & 2>*)) 

= v{b 2 a 2 c 2 d 2 ) J v K v {b\a\) <g> J„A 1/ (cidi) 
Since G is anti-linear, we get: 

G [J v K v {d* 1 c* 1 ) <g> J v K v {a 1 b l )] = [J v K v {b\a\) ® J v K v {c x dx)] 
so that G coincides with a(F u eg) i 7 ^). □ 

The polar decomposition of G = ID 1 / 2 is such that £> = A^ 1 (g> A" 1 and 
/ = £( (X) J„) so that the scaling group is r f = <j v _ t ® a" for all t e M and the 
unitary antipode is R = <^o ® (3 U ). We also notice that 1/ (g) is r-invariant. 

Corollary 15.9. — We have T>(S) = T>(af /2 ) <g) V(a v _ i , 2 ) and we have 

S(J v eJ v (g) m*) = J„a"/ 2 (m)Jv ® c^i/2( e *) 
/or aZ/ e, to <G P(cr^ 2 ). Moreover (id * W£ tV )(W) G 2?(5) and: 

5((id*w^)(W)) = (id*a;^)(W*) 
/or all£,r)e D( a (H ® H),v)C\ D{{H ® H)^v°). 

Proof. — The first part of the corollary is straightforward by what precedes. 
Let £,77 G H and e, to S V(a^ 2 ). By [T31 we have: 

5((id )(W)) = S((C|»j)^eJ v ®m*) 

= (Ch)J< /2 (m)J®o-^ /2 (e*) 

= (id*^ g |j l ,A I/ (e),»7l8A 1 ,(m))(W*) 

Since 5 is closed, we can conclude. □ 

15.3. Dual structure. — We are now computing the dual structure. 
PROPOSITION 15.10. — For all e,y e N v and r),( e H, we have: 

( UJ A,4y)®r,X®J,,A,Ae) * td)(W) = 1 <g> J v e* J ' v p^p^y 
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Proof. — For all S e H ® H, £ e if and m e JV„, we have: 

(( w A„(j,)(gi77,C(giJ„A„(e) * id)(W)S|£ <g> A„(m)) 
= ([A v (y) ®»7] j 8<8>aE|W*([C<8>J„A„(e)] ^ ® A„(m)])) 

= ((1 (g) y)S ®r\\i®(,® mJA(e)) = (S <g> ?7|£ <g> y*C ® J„eJ„A„(m)) 
= ((1 <g> p,)S|(l <g> T,p y , c J v eJ v ){(, ® A„(m))) 
= ((1 ® J v e* J v plY, Pr} y)Z\$, ® A„(m)) 

□ 

Corollary 15.11. — JFe /icwe AP®~M = 1® 
Proof. — By definition, we recall that: 

mVm =< (w Hl ,H 2 *id)(W) I Si G D((H®H)p, v°), E 2 e D( a {H®H),v) >~ w 

and we notice that C(H) <g> 1 C a(M)' n (3{M)' . First of all, we prove that 
AP®Tm C 1 <g> £(#). Let S e H,rj e H and m e A/"„. For all x e £(#), we 
have: 

([101] /3®« [x(E> 1])W*(E Q (g)^ fa® J v K v {m)}) 

V V 

= ([10 1] /3®a [a;®l])/*(?7 0(l®m)S) =f(xij®(l®m)S) 

= VF*(S a ®p[xr)®J v A v (m)]) 

= W*([1®1] ® a [x® 1])(S a <g>g fa® J„A„(m)]) 

Therefore, we get that ([1® 1] /3® a [a; ® 1])W* = W*([l ® 1] ® a [x ® 1]) for 
all xeC(H). Thus, we get: 

#8M C (£(#) ® 1)' = 1 ® £(#) 

Then, we prove the reverse inclusion. By the previous proposition, we state 
that, for all v,w e H: 

( W A„(y)(8,^,C(8iJ„A„(e) * «rf)(VF)(u ®w) = (l® J v e* J„)p* y , ( (l ® Z)p n (v ® w) 

= v® (w\y*()J v e* J v r\ 

and therefore we have: 

W®M D< wa„( w )®,,c® J«A„(e) * H,e,yeK >~ w 

=< 1 ® p | p rank 1 projection >~ w = 1 ® £(if ) 

□ 
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We verify that (M' ®M)nM'®M = l®M = a(M). The dual co-product 
is given by t(x) = a v oW{x p® a V)W*a v for all x G M' ® M . We us the 

following identification: 

$: 1 ® C(H) ^ L{H) 

1 <g> x — > x 

which is implemented by A e where e G if is a normalized vector. Then, we know 
that <J> 0* a $ is the identification between [1 <g> [1 ® £(ii)] and 

C(H) J id £(H) ~ £(H). 

V 

Proposition 15.12. — We have W*a v {\ e 0„®id A e ) = 7*(A e ® A e )/ y /or a/i 

u 

vector e £ H of norm 1 . 

Proof. — Let m G 7V„ and 77 G H . We have: 

W*a v {\ e p^id Ae)(A„(m) r?) = W*a„([e <g> A„(m)] [e (g) r?]) 

= W*([e <g> 77] a <g^ [e <g> K(m)\) = i*(e <g> e <g> mf?) 

= 7*(A e ®A e )7 1/ (A i/ (m) p„®idV) 

V 

□ 

Corollary 15.13. — For a/i x G £(fi), we /icwe: 

($ ^$)ofo$- 1 (a;)=/H 

Proof. — Let x £ and e G be a vector of norm 1. We have: 

v 

= (A* ft,®w A*)tr„oW([l®&] [lOl])WV I/ (A e ft,®^ A e ) 

v v V 

= I*„(\* e ®\* e )I([l®x} ® a [1® l])i*(A e ® A e )i„ 

1/ 

= i*(A* ® A*)(l ® 1 ® x)(A e <g> A e )i„ = 

□ 

Now, we are computing the dual operator- valued weight. 

Lemma 15.14. — We have A.((us,A„( m )®J„A„(e) * id)(W)) = (ra* ® J v e* J V )E 
for all m,eeAf u et E G £>((ii <g> if)^, v°). 
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Proof. — Let to 1,7712 G Af v . We have: 

(A((wE,A„(m)®J„A„(e) * id)(W))\A v >® ll (J v miJ I , ® m 2 )) 

= ^H,A I ,(m)®J I ,A I/ (e)(^w*J I/ <g> to^ ) = {{Jvm\J v ® to*,)S|A„(to) <g> J 1/ A 1/ (e)) 
= (S|TOJ, / A ly (m 1 ) ® J v eJ y h. u {m 2 )) = ((to* ® J„e* J I/ )H|A [/ ' !8l[/ ( J„m! J„ (g) m 2 )) 

□ 

Proposition 15.15. — We have Tl — id® E v > where E v > is the operator- 
valued weight from C{H) to M obtained from the weight v 1 . 

Proof. — Let to, e, y G M v and r/ G H . On one hand, we compute: 

||A((wa^,(m)®J w A„(e) * id){W))\\ 2 = \\m*K v {y) ® J v e* J„r/\\ 2 

= \\J v e*J vV \\ 2 \\A u (m*y)\\ 2 

On the other hand, by proposition 1 1 5 . 1 Ol we have: 

,A„(m)®J„A I/ (e) * 

= $(p*(l <8> T,) Py , K{m) {l $ J„eJ„)(l $ J^e* J l/ )/5*, A ^ (rn) (l ® E)/^) 

= ||J,e* J^|| 2 $(l <g> (A„(m*j/) <g> A„(m* y ))) 

where £ ® £ is the operator of £(if) such that (£ ® £)tj = (i>|£)£. Then, if 
£ G T>(S V ), then we have: 

$(i (£®0) = \\SM\ 2 = (A^IO = (^eiO = K^&O) 

□ 

We also have the following formulas, for all x G C(H) and tel: 

R(l (g> x) = 1 (g) J^x* J v and ft(l <g> a?) = 1 <g) A^xA~ u 

The right invariant operator-valued weight is given by: Tr — R o o i? = 
(id®E u ). 

Proposition 15.16. — TTie dual pairs quantum groupoid can be identify with 
(M, C(H),id, j,id,v, E v i , E v ) which is a measured quantum groupoid but not a 
adapted measured quantum groupoid. Moreover, expressions for co-involution 
and scaling group are given, for all x G £(H) and t G M: 

R{x) = J v x*J„ and f t (x) = A*xA~ u 

Proof. — The proposition gathers results of the section. Nevertheless we lay 
stress on the following point. We have, for all t € K and m G M: 

instead of a"{m) to have a adapted measured quantum groupoid. □ 
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Remark 15.17. — If M = L°°(X), we find the structure of pairs groupoid 
X x X. This example comes from the inclusion of von Neumann algebras 
C jEnoOOp : 

CcIC C(L 2 {M)) C C{L 2 {M)) ®M <Z ... 

16. Inclusions of von Neumann algebras 

Let Mq C Mi be an inclusion of von Neumann algebras. We call basis 
construction the following inclusions: 

M C Mi C M 2 = JxM'qJx = End M .{L 2 {M{)) 
By iteration, we construct Jones' tower M C M x C M 2 C M 3 C • • • 

Definition 16.1. — If MqHMi C M^nM 2 C M^nM 3 is a basis construction, 
then the inclusion is said to be of depth 2. 

Let Xi be a n.s.f operator- valued weight from Mi to Mq. By Haagerup's 
construction jStr81] (12.11) and [EN96J (10.1), it is possible to define a canoni- 
cal n.s.f operator-valued weight T 2 from M 2 to Mi such that, for all x, y £ A/ti > 
we have: 

r 2 (A Tl (x)A Tl (y)*) = xy* 

By iteration, we define, for all i > 1, a n.s.f operator-valued weight from Mi 
to M^_i. If tpQ is n.s.f weight sur Mq, we put ^ = ipi—i ° Tj. 

Definition 16.2. — |EN96j (11.12), [EVOOj (3.6). Ti is said to be regular if 
restrictions of T 2 to Mq n M 2 and of T3 to M{ n M3 are semifinite. 

Proposition 16.3. — jEVOOj (3.2, 3.8, 3.10). If M c M x is an inclusion 
with a regular n.s.f operator-valued weight T\ from M\ to Mq, then there exists 
a natural ^representation ir of Mq D M3 on L 2 (M' D M 2 ) whose restriction to 
Mq fl M 2 is i/ie standard representation of M' n Af 2 . Moreover, the inclusion 
is of depth 2 ?/, and onZy i/ 7r is faithful. 

The following theorem exhibits a structure of measured quantum groupoid 
coming from inclusion of von Neumann algebras. 

Theorem 16.4. — Let Mq C Mi be a depth 2 inclusion of a -finite von Neu- 
mann algebras, equipped with a regular nsf operator-valued weight T\ in the 
sense of jEnoOOj and |Eno04j . Moreover, assume there exists on M' fl Mi a 
nsf weight x invariant under the modular automorphism group T\ . Then, by 
theorem 8.2 of |Eno 04j. we have: 
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(1) there exists an application V from Mq n Mi to 

(Mq fl M 2 ) h *id (M n M 2 ) 

smc/i t/iai (Mq (~l Mi, Afg D M2,id, 7i,r) is a Hopf-bimodule, (where id means 
here the injection of Mq n Mi into MgPlM2 } and ji means here the restriction 
of ji coming from Tomita 's theory to Mq n Mi , considered then as an anti- 
representation of Mq D Mi into Mq n M2,). Moreover, the anti- automorphism 
ji of Mq n M2 is a co-involution for this Hopf-bimodule structure. 

(2) the nsf operator-valued weight T2 from Mq n M2 to Mq n Mi, restriction of 
the second canonical weight construct from Jones' tower and T\, is left invari- 
ant. 

(3) Let X2 be the weight x T2; there exist a one-parameter group of automor- 
phisms Tt of Mq H M2, commuting with the modular automorphism group a X2 , 
such that, for all t € M, we have: 

Poof =(7* i^afjof 
X 

Moreover, we have j\ o = r f o ji . 

Then, (MgflMi, MqHM2, id, ji, T, T2, ji, r, x) *s a measured quantum groupoid. 

Proof. — We have $ = x 2 - Then, by proposition 6.6 of |Eno04| . we have the 
relation between R and T. Also, we notice that r coincide with a x on Mg flMi 
by theorem 5.10 of |Eno04j and that we have, for all n £ Mq R Mi and tell: 

by corollary 4.8 and by 4.1 of [Eno04| . So that, 7 = a Tl leaves x invariant by 
hypothesis. □ 

Then we can show that the dual structure coincide with the natural one on 
the second relative commutant of Jones' tower. 

Theorem 16.5. — Let M C Mi be a depth 2 inclusion of a -finite von Neu- 
mann algebras, equipped with a regular nsf operator-valued weight T\ in the 
sense of EnoOOj and [Eno04| . Moreover, assume there exists on Mq H Mi a nsf 
weight x invariant under the modular automorphism group T\ . 

(1) there exists an application V from M[ n M3 to 

(M[ n M a ) h * hoh (M{ n M 3 ) 

such that (Mq D Mi,M{ n Ma,j2 ° ji, ji,r') is a Hopf-bimodule, where ji, 72 
come from Tomita 's theory. Moreover, the anti-automorphism j'2 of M{ n M3 
is a co-involution for this Hopf-bimodule structure. 
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(2) the nsf operator-valued weight T 3 from M[C\M 3 to M[C\M 2 = jx{M' r\M\), 
restriction of the second canonical weight construct from Jones ' tower and T\ , 
is left invariant. 

(3) Let X3 be the weight x ° T 3 ; there exist a one-parameter group of automor- 
phisms T t of M[ n M3 , commuting with the modular automorphism group o~ X3 , 
such that, for all t £ E, we have: 

f oaf = {n h * h o h erf 3 ) of 
x 

Moreover, we have ji o T t — r t o j 2 . 

Then, (MqHMi, M{nM 3 , j2°ji, ji, T, T 3 , j 2 , t, x) is the dual measured quantum 
groupoid of M' Q fl M% (equipped with the structure described on \16.J$ . 

Proof. — All objects are constructed from the fundamental unitary that's why 
the Hopf-bimodulc structure of the dual coincide with the structure on the 
second relative commutant. The uniqueness theorem implies that the dual 
operator-valued weight coincide with the restriction of T3 upto an clement of 
the basis. □ 

We can't characterize, at this stage, inclusions of von Neumann algebras 
among measured quantum groupoids. A way to answer the question is to know 
if each measured quantum groupoid acts on a von Neumann algebra . 



17. Operations on adapted measured quantum groupoids 
17.1. Elementary operations. — 

17.1.1. Sum of adapted measured quantum groupoids. — A union of groupoids 
is still a groupoid. We establish here a similar result at the quantum level: 

PROPOSITION 17.1. — Let (N il M ll a il (3 ll Ti 1 v l ,Ti,T i R )i ( z I be a family of 
adapted measured quantum groupoids. In the von Neumann algebra level, if we 
identify 0- eJ M t p-k a Mi with (0 ieJ M, t ) p* a ((B ieI Mi), then we get: 

iei iei iei iei iei iei iei iei 
a adapted measured quantum groupoid where operators act on the diagonal. 

Proof. — Straightforward. □ 

In particular, the sum of two quantum groups with different scaling constants 
( |VV03| for examples) produce a adapted measured quantum groupoid with 
non scalar scaling operator. 
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17.1.2. Tensor product of adapted measured quantum groupoids. — Cartesian 
product of groups correspond to tensor product of quantum groups. In the 
same way, we have: 

Proposition 17.2. — Let {N l ,M i ,a i , l3 l ,T i ,i' l ,T l Ll T' l R ) be adapted measured 
quantum groupoids for i = 1, 2. If we identify (M\ ^ 1 * Q ii -^i)<8(M2 /3 2 * a2 M 2 ) 

N t N 2 

with (Mi (£> M 2 ) /3 1 ®/3 2 * ai (gic( 2 {Mi ® M 2 ) as von Neumann algebras, then we 

N X ®N 2 

have: 

(Ni <g> N 2 , Mi <g> M 2 , a l ®a 2 ,l3i®(3 2 ,Ti® T 2 , v\ <g> v 2 ,T\ <g> T%, ® T|) 
is a adapted measured quantum groupoid. 

Proof. — Straightforward. □ 

17.1.3. Direct integrals of adapted measured quantum groupoids. — In this 
section, X denote cr-compact, locally compact space and fj, a Borel measure on 
X. Theory of hilbertian integrals is described in |Tak03| . 

PROPOSITION 17.3. — Let (N p , M p , a p , (3 p ,T p , v p ,Tl,Tf i ) pe x be a family of 
adapted measured quantum groupoids. In the von Neumann algebra level, if we 

identify J^M P p-k a M p dp(p) and (J® M p d/j(p)j /3* Q (f® M p dfi(p)j , 
we have: 

) r® r® r® 

N p dp(p), M p dfj,(p), a p d/i(p), [3 P dfi(p), ■ ■ ■ 
x Jx Jx Jx 

/•e r® r® 

T p dfj,(p), / v p dp(p), \ T£dfi(p), / T^d)i{p)) 
x Jx Jx Jx 

is a adapted measured quantum groupoid. 

Proof. — Left to the reader. □ 

[Bla96] gives examples. In this case, the basis is L°°(X) and a = (3 = 0. 
The fundamental unitary comes from a space onto the same space and then 
can be viewed as a field of multiplicative unitaries. 

17.2. Opposite and commutant structures. — 

Definition 17.4. — We call Hopf-bimodule morphism from (TV, Mi, ol\, f3\, I\) 
to (TV, M 2 , a 2 , (3 2 , T 2 ) a morphism it of von Neumann algebras from Mi to M 2 
such that: 

i) 7r o oi\ — a 2 et 7r o fii — (3 2 ; 
h) r 2 O 7T = (w 01 * ai 7r) o r. 

N 
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Also, we call anti-morphism of Hopf-bimodulc from (N, Mi, cti,Pi,Ti) to 
(N, M 2 , a 2 , /3 2 , a morphism j of von Neumann algebras from Mi to M 2 
such that: 



Definition 17.5. — For all Hopf-bimodule (N, Mi, a±, Pi, Ti) and all 1-1 
morphism of von Neumann algebras ir from Mi onto M 2 , M 2 , (N, Mi , ir o 
ai,ir o Pi, (7r /j^ai 7r) o r o 7T _1 ) is a Hopf-bimodule called Hopf-bimodule 



image by 7r. Also, if j is a 1-1 anti-morphism of von Neumann algebras 
from Mi onto M 2 , then (N°, M 2 , j o ai, j o pi, (j j) oTo j -1 ) is is a 

N 

Hopf-bimodule called Hopf-bimodulc image by j. 

PROPOSITION 17.6. — Let ir a 1-1 morphism from (N, Mi, cti, pi, T{) onto 
(N, M 2 , a 2 , /3 2 , r 2 ). If (N, Mi,ai, Pi,Ti, R,Tl,t,u) is a measured quantum 
groupoid, then (N, M 2 , a 2 , Pi, T 2 , 7r o R o n^ 1 , n o Tl ° 7r _1 , 7t o t o 7r _1 , ^) is a 
measured quantum groupoid such that: 



We denote by $ x = vou^oTl and $ 2 = $ 1 o7r _1 . 7/7 is the unitary from 77$i 
onto H$2 such that 7A$i(a) = A$2(7r(a)) for all a e A/$i, then fundamental 
unitaries are linked by: 



Proof. — It is easy to state that (N, M 2 , a 2 , /3 2 , T 2 , 7r o 7£ o 7r~ 1 , 7r o o 7r~ 1 , 7r o 
r o -k~ x ,v) is a measured quantum groupoid. For all v € D((H^i)j3 1 ,v°), 
a e A/tl n A/$i and (N°, z^°)-basis of (Tf^i)^, we have: 



i) j ° cti = et j o (3i = a 2 : 

ii) r 2 o j = (j (3l * ai i)oTi. 



/v 



A 2 = 7r(Ai) et <5 2 = 7r(5i) 



W 2 = (7 ai ® A 7)^(7* fe ® Q2 7*) 



WT(^* a 2 ®/3 2 r )( /w a 2 ®& A^2(7r(a)) = Wf(v ai ® A A*i(a)) 







= (7* ft ® a2 7*)W 2 *(7t; aa ® A A* a (7r(a))) 
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Then, we have proved that W 2 = (I ai®A I)Wi(I* /3 2 «> Q2 I*). For all 

N o 1 N 

a, b e AfjT L j n A/$oj, we have: 

R2((id p 2 ® a2 wj 4i2 A_ i)2(Tr(a)) )r 2 (7r(6*)7r(6))) 

= (id 02 ® a2 wj 42A#2(7r(6)) )r 2 (7r(a*a)) 

= /3 2 ®a 2 ^J„ 2 A^ 2 (n(b)))(^ /3i*ai 7r) r i( a * a ) 

f JV 

= tt((«2 ft ® Ql u; J#lA4il(6) )ri(a*a)) = irRi((id Pl ® ai w J#lA4>1 (a))ri(6*6)) 

= 7T J Rl7T- 1 ((id ft ® a2 Wj #2 A #2 (7r(a)))r2(7T(6*)7r(6))) 

from which we get that i? 2 = 7r o o 7r _1 and then S 2 = 7r o o 7r _1 and 
T 2 = 7rori o7T _1 thanks to fundamental unitaries. Finally, we have for all fet: 

[L>$ 2 o R 2 : D$ 2 } t = [/J^ 1 oR l0 tt" 1 : DQ 1 o tt" 1 ]* 

and, so we have (5 2 = n(5i) and A 2 = ir(\i). □ 

Proposition 17.7. — Let j a 1-1 anti-morphism from (N,Mi,ai,f3i,Ti) 
onto (N°, M 2 , a 2 , /3 2 , T 2 ). If (N, Mi,a\,f3i,Ti,R, Tl, t, v) is a measured quan- 
tum groupoid, then (N° , M 2 , [3 2 , a 2 , T 2 , j o R o j~ 1 , j o T L o j ~ 1 , j o r_ t o j~ 1 , v°) 
is a measured quantum groupoid such that: 

\ 2 =3(K 1 ) etS 2 =j(S 1 ) 

We denote by $ x = v o a^ 1 o Tl and $ 2 = $ x o j -1 . 7/ J is t/ie unitary 
from H^i onto /7$2 such that 7A$i(a) = J$2 A$2 (j(a*)) /or a/? a € A/$i, i/ierc 
fundamental unitaries are linked by: 

W 2 = (J ai ®g J)VFx(J* J*) 

NO N 

Proof. — The proof is very similar to the previous one. □ 

Definition 17.8. — We call opposite quantum groupoid the image by the 
co-involution R of the Hopf-bimodule, denoted by (TV, M, a, (i, T, R, Tl,t, v) op . 
THe Hopf-bimodule is then the symmetrized one (N°, M, [3, a, qv T). 

Remark 17.9. — If AT is abelian, a = j3, T = qv T then the measured 
quantum groupoid is equal to its opposite : we speak about symmetric quantum 
groupoid. 

We put j the canonical *-anti-isomorphism from M onto M' coming from 
Tomita's theory, trivial on the center of M and given by j(x) — J$x*J<[,. Then, 



MEASURED QUANTUM GROUPOIDS 



135 



we have j o a = (3 and we put g = j o (3. We can construct a unitary j g *g j 





e A /3 
N 

from M' e -kh M' onto M p-k a M the adjoint of which is j p* a j. 

N a N N 



Definition 17.10. — We call commutant quantum groupoid the image by j 
of the Hopf bimodulc. It is denoted by (N, M, a, /?, T, R, T L , r, v) c . The Hopf- 
bimodule is equal to (N°,M',(3, g, (j p-k a j) o V o j). We put T c = (j p-k a 

N N 

i) ° r o j. 

We describe fundamental objects of the structures. 

Proposition 17.11. — We have the following formulas: 

i) W op = a v oW'*a u o, R op = R, t° v = r_ t , 5 op = (T 1 et \°p = A" 1 ; 

ii) W c = (J* p® a J*)W(J* e ® $ J*), R c = jRj, r t c = jr-tj, S c = j(8) 

N N o 

et X c = \-\ 

Proof. — It is an easy consequence of propositions [T7T6l and fl7.7l except for the 
relation between W op and W. For all v £ D{ a H^,v), a € Nt r nA/t fl and 
(AT, f)-basis (j?i)*eJ °f aHy, we have: 

(W op )*a„°(Av(a) & ® v) = (W op )*(v & ®p A*(o)) 

= 5Z ?7i a®/3 A *((^,»7, q*/3 *rf)("?JV ° T(a))) 
iS I 

= Cr ^X! A *((* d ^ W ».1i) r ( tt )) Z 9 ® 

a f]i 

Then, we have proved that W op = a v oW'*a v o. □ 
Corollary 17.12. — We have W = (Jg a ®p J^)u v W*a v {Ji & (g>p J|). 

Proof. — It is a consequence of the previous proposition and proposition ll7.7l 

□ 

Remark 17.13. — The application j o R ; implemented by J<t> J, gives an iso- 
morphism between the measured quantum groupoid and the opposite of the 
commutant one. 

Proposition 17.14. — We have the following equalities: 

i) (N, M, a, p, r, v, T Ll T B )°^ = (N, M, a, f3,T, v, T L , T R ) Ac 

ii) (N, M, a, (3, I\ u, T L ,T R ) CA = (N, M, a, (3, T, u, T L , T r ) a °p 
vui) (N, M, a, (3, T, v, T L ,T R ) C °p = (N, M, a, (3, T, v, T l ,T r )°p c 
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Proof. — The dual of the opposite and the commutant of the dual have the 
same basis N°. The von Neumann algebra of the first one is generated by 
the operators (u * id)(W op ) so is equal to J $ {(w * id)(W)}"J£ = M' . The 

representation and the anti-representation over N° are both given by (3 and a. 
Finally, for all x G M', we have: 

T°p a (x) = a v W op (x a ®p l)(W op )*a„<, = W'*(l p® a x)W 

N° N 

By the previous corollary, we have: 

r opA (a:) =tr„(J s J$)W(J $ xJ$ ® a l)W*{J ^ 5 J|Ko 

v a N v 

= (J$ 0® a ^$)r(J 5 xJ $ )(j $ & ® fi Jj) = f C (x) 

v 1,0 

So i) is proved, ii) comes from i) and the bi-duality theorem. 

The opposite of the commutant and the commutant of the opposite have the 
same basis N° and the same von Neumann algebra M'. The representation 
and the anti-representation are both given by g and (3. By [VaeOlaj . we have 
,h = A^ 4 J$. Then we get, for all x G M': 

r op c (a;) = (J* J*) 

u° v° 

because A 4 / 4 G Z(Af ) n a(iV) n (3(N) So iii) is proved. 

□ 
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